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This online supplement is composed of four parts. Section A uses a heuristic example to

illustrate the inconsistency of the standard least squares estimator (LSE), which completely ignores

the underlying endogeneity. Section B discusses the possibility to extend to the threshold model

with three or more threshold variables and the curse of dimensionality. Section C contains the

proofs of Lemmas C.1-C.4. Section D provides the proofs of Theorems 1-7.

Throughout the online supplement, let ‖.‖ denote the Euclidean norm. All limits are taken

as n → ∞.
a.s.→ ,

p→,
d→, and =⇒ denote almost sure convergence, convergence in probability,

convergence in distribution and weak convergence respectively. Given two n×n Hermitian matrices

A and B, let B � A denote A−B is Hermitian positive semidefinite.

A The Inconsistency of the Standard LSE for the Endogenous
Threshold Model with Two Threshold Variables: A Heuristic
Example

In this section, we use a simplified version of model (2.1) to show how the threshold endogeneity af-

fects the consistency of the standard least square estimator that ignores the underlying endogeneity.

Our discussion is based on the following model

y =

4∑
i=2

δ(i)I(i)(γ0
1 , γ

0
2) + ε, E(ε|q) 6= 0. (A.1)

For the illustration purpose, we assume that (q1, q2, ε) follows a joint normal distribution,

N

0,

 1 0 ρ10

0 1 ρ20

ρ10 ρ20 1

 with ρ10 6= 0 and ρ20 6= 0. Hence, E(ε|q) = ρ10q1 + ρ20q2. 1

Now, we have E(y|q) =
∑4

i=2 δ
(i)E

(
I(i)(γ0

1 , γ
0
2)
)

+ ρ10q1 + ρ20q2, and

y =


ρ10q1 + ρ20q2 +

√
1− ρ2

10 − ρ2
20e, if q1 ≤ γ0

1 , q2 ≤ γ0
2 ,

δ(2) + ρ10q1 + ρ20q2 +
√

1− ρ2
10 − ρ2

20e, if q1 ≤ γ0
1 , q2 > γ0

2 ,

δ(3) + ρ10q1 + ρ20q2 +
√

1− ρ2
10 − ρ2

20e, if q1 > γ0
1 , q2 ≤ γ0

2 ,

δ(4) + ρ10q1 + ρ20q2 +
√

1− ρ2
10 − ρ2

20e, if q1 > γ0
1 , q2 > γ0

2 ,

(A.2)

where e ∼ N(0, 1) and is independent of q.

As we are in the interest of the inconsistency of the LSE of the threshold parameters, also

considering the inconsistency of the slope estimator is standard, we hereinafter assume δ(i) is

1This example essentially extends the discussion of Yu (2013) to the threshold regression model with two endoge-
nous threshold variables.
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known with δ(i) 6= 0 for i = 2, 3, 4 and δ(i) 6= δ(j) for all i 6= j. Then, we can show

1

n

n∑
t=1

(
yt −

4∑
i=2

δ(i)I
(i)
t (γ1, γ2)

)2
p−→ C + E

( 4∑
i=2

δ(i)
(
I

(i)
t (γ0

1 , γ
0
2)− I(i)

t (γ1, γ2)
)

+ ρ10q1t + ρ20q2t

)2
 ,

(A.3)

where C is a bounded constant.

Let Φ(·) and φ(·) be the cumulative density function (CDF) and probability density function

(PDF) for the standard normal distribution respectively. Then, by simple calculation, we have

E

( 4∑
i=2

δ(i)
(
I

(i)
t (γ0

1 , γ
0
2)− I(i)

t (γ1, γ2)
)

+ ρ10q1t + ρ20q2t

)2
 = S1(γ1, γ2) + S2(γ1, γ2) + ρ2

10 + ρ2
20,

(A.4)

where

S1(γ1, γ2) =


S

(1)
1 (γ1, γ2), if γ1 ≤ γ0

1 , γ2 ≤ γ0
2 ,

S
(2)
1 (γ1, γ2), if γ1 ≤ γ0

1 , γ2 > γ0
2 ,

S
(3)
1 (γ1, γ2), if γ1 > γ0

1 , γ2 ≤ γ0
2 ,

S
(4)
1 (γ1, γ2), if γ1 > γ0

1 , γ2 > γ0
2 ,

S2(γ1, γ2) =
(
δ(2) + δ(3) − δ(4)

) [
ρ10

{(
φ(γ0

1)− φ(γ1)
)

Φ(γ2) + φ(γ0
1)
[
Φ(γ0

2)− Φ(γ2)
]}

+ ρ20

{[
Φ(γ0

1)− Φ(γ1)
]
φ(γ2) + Φ(γ0

1)
[
φ(γ0

2)− φ(γ2)
]} ]

+
(
δ(2) − δ(4)

)
ρ10

[
φ(γ1)− φ(γ0

1)
]

+
(
δ(3) − δ(4)

)
ρ20

[
φ(γ2)− φ(γ0

2)
]
,
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and

S
(1)
1 (γ1, γ2) =

(
δ(2) − δ(4)

)2 [
Φ(γ0

1)− Φ(γ1)
]

(1− Φ(γ2)) + δ(2)2Φ(γ0
1)
[
Φ(γ0

2)− Φ(γ2)
]

+
(
δ(3) − δ(4)

)2 (
1− Φ(γ0

1)
) [

Φ(γ0
2)− Φ(γ2)

]
+ δ(3)2

[
Φ(γ0

1)− Φ(γ1)
]

Φ(γ2),

S
(2)
1 (γ1, γ2) =

(
δ(2) − δ(4)

)2 [
Φ(γ0

1)− Φ(γ1)
]

(1− Φ(γ2)) + δ(2)2Φ(γ0
1)
[
Φ(γ2)− Φ(γ0

2))
]

+
(
δ(3) − δ(4)

)2 (
1− Φ(γ0

1)
) [

Φ(γ2)− Φ(γ0
2)
]

+ δ(3)2
[
Φ(γ0

1)− Φ(γ1)
]

Φ(γ2),

S
(3)
1 (γ1, γ2) =

(
δ(2) − δ(4)

)2 [
Φ(γ1)− Φ(γ0

1)
]

(1− Φ(γ2)) + δ(2)2Φ(γ0
1)
[
Φ(γ0

2)− Φ(γ2)
]

+
(
δ(3) − δ(4)

)2 (
1− Φ(γ0

1)
) [

Φ(γ0
2)− Φ(γ2)

]
+ δ(3)2

[
Φ(γ1)− Φ(γ0

1)
]

Φ(γ2),

S
(4)
1 (γ1, γ2) =

(
δ(2) − δ(4)

)2 [
Φ(γ1)− Φ(γ0

1)
]

(1− Φ(γ2)) + δ(2)2Φ(γ0
1)
[
Φ(γ2)− Φ(γ0

2)
]

+
(
δ(3) − δ(4)

)2 (
1− Φ(γ0

1)
) [

Φ(γ2)− Φ(γ0
2)
]

+ δ(3)2
[
Φ(γ1)− Φ(γ0

1)
]

Φ(γ2).

We make the following remarks for the limiting result of equation (A.4).

Remark 1 S1 is uniquely minimized at γ1 = γ0
1 and γ2 = γ0

2 .

Remark 2 The minimum point of the objective function S2 is not fixed but jointly determined by

the jump size, the endogenous degree, and the intensity of threshold variables at the true threshold

level. As such, S2 is an endogenous distortion term that contributes to the inconsistency of the

LSE. Note that, if both threshold variables are exogenous, ρ10 = ρ20 = 0. As a result, S2 = 0 and

γ̂LSE = [γ̂LSE1 , γ̂LSE2 ] converges to γ0 = [γ0
1 , γ

0
2 ].

Remark 3 The consistency of the LSE is determined by the tradeoff between the correct identifi-

cation effect from S1 and the endogeneous distortion effect from S2. In particular, we observe S2

dominates the overall effect when the jump sizes are small, the degree of endogeneity is large, and

the true threshold level is not at the mode of the distribution of the threshold variable.

To further elaborate our Remark 3, we experiment a numerical example by considering the

case when only q2 is endogenous and plot the figures of the corresponding minimizer, γ2, of
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E

[(∑4
i=2 δ

(i)I(i)(γ1, γ2) + ρ10q1t + ρ20q2t

)2
]

as a function of γ0
2 and ρ20 given a known γ0

1 . Figure

1 shows the results with large jump size, where δ(2) = 2, δ(3) = 1, δ(4) = 4, and ρ10 = 0. Top

left and right figures show the results with ρ20 = 0.5 and ρ20 = 1, respectively. We observe γ2

can be consistently estimated with lesser degree of endogeneity. However, as shown in bottom left

(ρ20 = 2.5) and right (ρ20 = 5) figures, with high degree of endogeneity, γ̂2 is generally inconsistent.

Figure 2 shows the results with relatively small jump size, δ(2) = 0.2, δ(3) = 0.7, δ(4) =

0.4. Obviously, we observe more inconsistency than those in Figure 1. In particular, γ2 is now

inconsistent even under relatively small ρ20. By comparison, for our special model (A.2), the

smaller (but nonzero) the jump size is, the more significant the inconsistency of the LSE is.

Interestingly, Figures 1 -2 also reveal γ0
2 can be consistently estimated when γ0

2 = 0, irrespective

of the jump size and the degree of endogeneity. Considering q2 ∼ N(0, 1) under our setup, γ0
2 is the

mode of the distribution of q2, which implies intensity of threshold variables at the true threshold

level also affects the consistency of the LSE. Thus, we conclude the consistency of the LSE is jointly

determined by the jump size, the endogenous degree, and the intensity of threshold variables at the

true threshold level.

B Discussion on threshold model with three threshold variables

This section uses a parsimonious model to discuss the possible extension to three or more threshold

variables. In particular, our discussion is mainly based on the following model

yt =
8∑
i=1

βiI
(i)
t (γ0

1 , γ
0
2 , γ

0
3) + εt, (B.1)

and

I
(i)
t (γ0

1 , γ
0
2 , γ

0
3) =



I
(1)
t (γ0

1 , γ
0
2 , γ

0
3), if q1t ≤ γ0

1 , q2t ≤ γ0
1 , q3t ≤ γ0

1 ,

I
(2)
t (γ0

1 , γ
0
2 , γ

0
3), if q1t > γ0

1 , q2t ≤ γ0
1 , q3t ≤ γ0

1 ,

I
(3)
t (γ0

1 , γ
0
2 , γ

0
3), if q1t ≤ γ0

1 , q2t > γ0
1 , q3t ≤ γ0

1 ,

I
(4)
t (γ0

1 , γ
0
2 , γ

0
3), if q1t > γ0

1 , q2t > γ0
1 , q3t ≤ γ0

1 ,

I
(5)
t (γ0

1 , γ
0
2 , γ

0
3), if q1t ≤ γ0

1 , q2t ≤ γ0
1 , q3t > γ0

1 ,

I
(6)
t (γ0

1 , γ
0
2 , γ

0
3), if q1t > γ0

1 , q2t ≤ γ0
1 , q3t > γ0

1 ,

I
(7)
t (γ0

1 , γ
0
2 , γ

0
3), if q1t ≤ γ0

1 , q2t > γ0
1 , q3t > γ0

1 ,

I
(8)
t (γ0

1 , γ
0
2 , γ

0
3), if q1t > γ0

1 , q2t > γ0
1 , q3t > γ0

1 .
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Figure 1: Limit of γ̂LSE2 given γ = γ0
1 , δ(2) = 2, δ(3) = 1, δ(4) = 4, ρ10 = 0, γ0

1 = 0

Note: This figure provides the limit of γ̂LSE2 given γ0
1 is known with δ(2) = 2, δ(3) = 1, δ(4) = 4, ρ10 = 0, γ0

1 = 0.
(a)-(d) show the limit of γ̂LSE2 when ρ20 = 0.5, ρ20 = 1, ρ20 = 2.5, and ρ20 = 5, respectively. The solid blue line
stands for the γ̂LSE2 . The dashed red line represents the true threshold points.
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Figure 2: Limit of γ̂LSE2 given γ = γ0
1 , δ(2) = 0.2, δ(3) = 0.7, δ(4) = 0.4, ρ10 = 0, γ0

1 = 0

Note: This figure provides the limit of γ̂LSE2 given γ0
1 is known with δ(2) = 0.2, δ(3) = 0.7, δ(4) = 0.4, ρ10 = 0,

γ0
1 = 0. (a)-(d) show the limit of γ̂LSE2 when ρ20 = 0.5, ρ20 = 1, ρ20 = 2.5, and ρ20 = 5, respectively. The solid blue

line stands for the γ̂LSE2 . The dashed red line represents the true threshold points.
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B.1 Consistency of LSE under exogenous threshold variables

In this subsection, we show the consistency of the LSE with exogenous threshold variables. As

we are in the interest of the the least squares threshold estimators, we hereinafter assume the

knowledge of β1 to β8. We make the following regularity assumptions to support model (B.1).

Assumption B.1 (a) {(q1t, q2t, q3t, εt)} is a strictly stationary, ergodic, and ρ-mixing sequence

with the mixing coefficient {ρr} satisfying
∑∞

r=1 ρ
1/2
r <∞ and γ0

g ∈ Γ ≡ [γ, γ] for g = 1, 2, 3, where

γ and γ are two bounded constants;

(b) Let F∗n,t be the smallest sigma-field generated by {(q1s+1, q2s+1, , q3s+1, εs) : 1 ≤ s < t ≤ n} .

Then,
{(
εt,F∗n,t

)}n
t=1

is martingale difference sequence;

(c) The threshold variables q1t, q2t, and q3t have a common continuous joint distribution F (γ1, γ2, γ3)

and a corresponding joint density f(γ1, γ2, γ3). For j = 1, 2, 3, fj(γ1, γ2, γ3) = ∂F (γ1,γ2,γ3)
∂γj

and

0 < f(γ1, γ2, γ3) ≤ f̄ <∞ and 0 < fj(γ1, γ2, γ3) ≤ f̄j <∞
(d) For i = 1, . . . , 8 and j = 1, . . . , 8, βi 6= βj for all i 6= j.

Theorem B.1 Under Assumption B.1, as n −→∞, we have γ̂ − γ0 = op(1).

Proof. First, by Assumption B.1 (a)-(b), uniformly for all γ ∈ Θγ , we can show

1

n
(SSR(γ)− SSR(γ0)) =

1

n

n∑
t=1

(
yt −

8∑
i=1

βiI
(i)
t (γ1, γ2, γ3)

)2

− 1

n

n∑
t=1

ε2
t

=
1

n

n∑
t=1

[
8∑
i=1

βiA
i
t(γ1, γ2, γ3)

]2

+ op(1)
p−→ E

(
8∑
i=1

βiA
i
t(γ1, γ2, γ3)

)2

,

where Ait(γ1, γ2, γ3) = I
(i)
t (γ0

1 , γ
0
2 , γ

0
3)− I(i)

t (γ1, γ2, γ3).

Next, we partition our discussion into eight different cases.

Case 1 : γ1 < γ0
1 , γ2 < γ0

2 , γ3 < γ0
3 .

Following the decomposing method, we used to derive the consistency of LSE for the threshold

model with one or two thresholds2, we decompose each Ai(γ1, γ2, γ3) into some of the nineteen

2Figure 3 shows the intuition on decomposing Ij(γ0
1 , γ

0
2) − Ij(γ1, γ2) into five mutually independent terms.

7



Figure 3: Intuition on decomposing Ij(γ0
1 , γ

0
2)− Ij(γ1, γ2)

Note: This figure presents an example on how we decompose Ij(γ0
1 , γ

0
2) − Ij(γ1, γ2) into five mutually independent

terms for the case of γ1 < γ0
1 and γ2 < γ2

0 . Specifically, the area of A + E + D stands for I1(γ0
1 , γ

0
2) − I1(γ1, γ2).

The area of C − D shows I2(γ0
1 , γ

0
2) − I2(γ1, γ2). The area of B − A captures I3(γ0

1 , γ
0
2) − I3(γ1, γ2). The area of

−B − E − C represents I4(γ0
1 , γ

0
2) − I4(γ1, γ2).
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mutually independent terms. We have

8∑
i=1

βiA
i
t(γ1, γ2, γ3)

= (β1 − β2) I
(
γ1 ≤ q1t ≤ γ0

1 , q2t ≤ γ2, q3t ≤ γ3

)
+ (β1 − β3) I

(
q1t ≤ γ1, γ2 ≤ q2t ≤ γ0

2 , q3t ≤ γ3

)
+ (β1 − β4) I

(
γ1 ≤ q1t ≤ γ0

1 , γ2 ≤ q2t ≤ γ0
2 , q3t ≤ γ3

)
+ (β1 − β5) I

(
q1t ≤ γ1, γ2 ≤ q2t ≤ γ0

2 , q3t > γ0
3

)
+ (β1 − β6) I

(
γ1 ≤ q1t ≤ γ0

1 , q2t ≤ γ2, γ3 ≤ q3t ≤ γ0
3

)
+ (β1 − β7) I

(
q1t ≤ γ1, γ2 ≤ q2t ≤ γ0

2 , γ3 ≤ q3t ≤ γ0
3

)
+ (β1 − β8) I

(
γ1 ≤ q1t ≤ γ0

1 , γ2 ≤ q2t ≤ γ0
2 , γ3 ≤ q3t ≤ γ0

3

)
+ (β2 − β4) I

(
q1t > γ0

1 , γ2 ≤ q2t ≤ γ0
2 , q3t < γ3

)
+ (β2 − β6) I

(
q1t > γ0

1 , q2t ≤ γ2, γ3 ≤ q3t ≤ γ0
3

)
+ (β2 − β8) I

(
q1t > γ0

1 , γ2 ≤ q2t ≤ γ0
2 , γ3 ≤ q3t ≤ γ0

3

)
+ (β3 − β4) I

(
γ1 ≤ q1t ≤ γ0

1 , q2t > γ0
2 , q3t < γ3

)
+ (β3 − β7) I

(
q1t ≤ γ1, q2t > γ0

2 , γ3 ≤ q3t ≤ γ0
3

)
+ (β3 − β8) I

(
γ1 ≤ q1t ≤ γ0

1 , q2t > γ0
2 , γ3 ≤ q3t ≤ γ0

3

)
+ (β4 − β8) I

(
q1t > γ0

1 , q2t > γ0
2 , γ3 ≤ q3t ≤ γ0

3

)
+ (β5 − β6) I

(
γ1 ≤ q1t ≤ γ0

1 , q2t ≤ γ2, q3t > γ0
3

)
+ (β5 − β7) I

(
q1t ≤ γ1, γ2 ≤ q2t ≤ γ0

2 , q3t > γ0
3

)
+ (β5 − β8) I

(
γ1 ≤ q1t ≤ γ0

1 , γ2 ≤ q2t ≤ γ0
2 , q3t > γ0

3

)
+ (β6 − β7) I

(
q1t > γ0

1 , γ2 ≤ q2t ≤ γ0
2 , q3t > γ0

3

)
+ (β7 − β8) I

(
γ1 ≤ q1t ≤ γ0

1 , q2t > γ0
2 , q3t > γ0

3

)
.

Thus, by Assumption B.1(a)-(c), we have

E

(
8∑
i=1

βiA
i
t(γ1, γ2, γ3)

)2

= (β1 − β2)2 F
(
γ1 ≤ q1t ≤ γ0

1 , q2t ≤ γ2, q3t ≤ γ3

)
+ (β1 − β3)2 F

(
q1t ≤ γ1, γ2 ≤ q2t ≤ γ0

2 , q3t ≤ γ3

)
+ (β1 − β4)2 F

(
γ1 ≤ q1t ≤ γ0

1 , γ2 ≤ q2t ≤ γ0
2 , q3t ≤ γ3

)
+ (β1 − β5)2 F

(
q1t ≤ γ1, γ2 ≤ q2t ≤ γ0

2 , q3t > γ0
3

)
+ (β1 − β6)2 F

(
γ1 ≤ q1t ≤ γ0

1 , q2t ≤ γ2, γ3 ≤ q3t ≤ γ0
3

)
+ (β1 − β7)2 F

(
q1t ≤ γ1, γ2 ≤ q2t ≤ γ0

2 , γ3 ≤ q3t ≤ γ0
3

)
+ (β1 − β8)2 F

(
γ1 ≤ q1t ≤ γ0

1 , γ2 ≤ q2t ≤ γ0
2 , γ3 ≤ q3t ≤ γ0

3

)
+ (β2 − β4)2 F

(
q1t > γ0

1 , γ2 ≤ q2t ≤ γ0
2 , q3t < γ3

)
+ (β2 − β6)2 F

(
q1t > γ0

1 , q2t ≤ γ2, γ3 ≤ q3t ≤ γ0
3

)
+ (β2 − β8)2 F

(
q1t > γ0

1 , γ2 ≤ q2t ≤ γ0
2 , γ3 ≤ q3t ≤ γ0

3

)
+ (β3 − β4)2 F

(
γ1 ≤ q1t ≤ γ0

1 , q2t > γ0
2 , q3t < γ3

)
+ (β3 − β7)2 F

(
q1t ≤ γ1, q2t > γ0

2 , γ3 ≤ q3t ≤ γ0
3

)
+ (β3 − β8)2 F

(
γ1 ≤ q1t ≤ γ0

1 , q2t > γ0
2 , γ3 ≤ q3t ≤ γ0

3

)
+ (β4 − β8)2 F

(
q1t > γ0

1 , q2t > γ0
2 , γ3 ≤ q3t ≤ γ0

3

)
+ (β5 − β6)2 F

(
γ1 ≤ q1t ≤ γ0

1 , q2t ≤ γ2, q3t > γ0
3

)
+ (β5 − β7)2 F

(
q1t ≤ γ1, γ2 ≤ q2t ≤ γ0

2 , q3t > γ0
3

)
+ (β5 − β8)2 F

(
γ1 ≤ q1t ≤ γ0

1 , γ2 ≤ q2t ≤ γ0
2 , q3t > γ0

3

)
+ (β6 − β7)2 F

(
q1t > γ0

1 , γ2 ≤ q2t ≤ γ0
2 , q3t > γ0

3

)
+ (β7 − β8)2 F

(
γ1 ≤ q1t ≤ γ0

1 , q2t > γ0
2 , q3t > γ0

3

)
.

Therefore, by Assumption B.1(d), for all γ ∈ Θγ\(γ0
1 , γ

0
2 , γ

0
3), we have

E

(
8∑
i=1

βiA
i
t(γ1, γ2, γ3)

)2

> E

(
8∑
i=1

βiA
i
t(γ

0
1 , γ

0
2 , γ

0
3)

)2

= 0.
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For all eight cases, we can show above inequality by analogue, which concludes the proof.

B.2 Inconsistency of the LSE under endogenous threshold variables and the
nonparametric control function approach

Now we assume some of the threshold variables are endogenous and show the inconsistency of the

LSE under endogenous threshold variables. We also outline how to deliver the consistency of LSE

with the nonparametric control function approach. We make the following assumptions for model

(B.1) to allow for the endogeneity.

Assumption B.2 (a) Assumption B.1 (a), (c), and (d) holds;

(b) Let F∗′n,t be the smallest sigma-field generated by
{(
q1s, q2s, q3s, z

T
qs+1

, εs

)
: 1 ≤ s < t ≤ n

}
,

where zTqt is the instrumental variables for qt and we have reduced-form qt = πqzqt + vqt with

qt = [q1t, q2t, q3t]
T and vqt = [vq1t , vq2t , vq3t ]

T . Then,
{(
εt,F∗

′
n,t

)}n
t=1

is martingale difference se-

quence.

(c) E(yt|F∗
′
n,t, q1t, q2t, q3t) =

∑8
i=1 hi(vq1t , vq2t , vq3t)I

(i)
t (γ0

1 , γ
0
2 , γ

0
3).

Thus, under Assumption B.2, we have

1

n
(SSR(γ)− SSR(γ0)) =

1

n

n∑
t=1

(
yt −

8∑
i=1

βiI
(i)
t (γ1, γ2, γ3)

)2

− 1

n

n∑
t=1

ε2
t

=
1

n

n∑
t=1

[
8∑
i=1

βiA
i
t(γ1, γ2, γ3)

]2

+
2

n

n∑
t=1

[
8∑
i=1

βiA
i
t(γ1, γ2, γ3)

]
εt = A(γ1, γ2, γ3) +B(γ1, γ2, γ3).

While A(γ1, γ2, γ3) is always minimized at γ0, and B(γ1, γ2, γ3) is the endogenous distortion term

and cannot achieve minimum at γ = γ0 in general due to E(ε|q) 6= 0. Therefore, the LSE of the

threshold regression model with three endogenous threshold variables is inconsistent.

Next, we show how the nonparametric control function approach helps us correct the endogenous

bias term in a nutshell. Note that, assuming the knowledge of vqt and by Assumption B.2(c), we

can rewrite model (B.1) as yt =
∑8

i=1 hi(vq1t , vq2t , vq3t)I
(i)
t (γ0

1 , γ
0
2 , γ

0
3) + ε∗t , where

{(
ε∗t ,F∗

′′
n,t

)}
with F∗′′n,t = σ

(
zTqt , q

T
t−1, εt−1, . . .

)
is a martingale difference sequence with E

(
ε∗t |F∗

′′
n,t

)
= 0 almost

surely. For i = 1, . . . , 8, suppose we can approximate hi(vq1t , vq2t , vq3t) by h∗i (vq1t , vq2t , vq3t) =

αTLn,iΦLn(vq1t , vq2t , vq3t) such that supw∈W |hi(w)− h∗i (w) | < ML−pn , where W = W1 ×W2 ×W3

10



and W1,W2, W3 are all compact subset of R. Then, we can show

1

n
(SSR(γ)− SSR(γ0)) =

1

n

n∑
t=1

(
yt −

8∑
i=1

h∗i (vq1t , vq2t , vq3t)I
(i)
t (γ1, γ2, γ3)

)2

− 1

n

n∑
t=1

ε∗2t

=
1

n

n∑
t=1

(
8∑
i=1

A∗it (γ1, γ2, γ3) + ε∗t

)2

− 1

n

n∑
t=1

ε∗2t =
1

n

n∑
t=1

[
8∑
i=1

A∗it (γ1, γ2, γ3)

]2

+ op(1),

whereA∗it (γ1, γ2, γ3) = hi(vq1t , vq2t , vq3t)I
(i)
t (γ0

1 , γ
0
2 , γ

0
3)−h∗i (vq1t , vq2t , vq3t)I

(i)
t (γ1, γ2, γ3). Thus, given

sieve approximation error is small enough and negligible such that A∗it (γ1, γ2, γ3) ≈ hi(vq1t , vq2t , vq3t)
×Ait(γ1, γ2, γ3), we can apply the same lines of steps in the proof of the consistency of the LSE

without endogeneity above by decomposing the A∗it (γ1, γ2, γ3) into some of nineteen mutually in-

dependent terms and show the consistency of the LSE of the semiparametric threshold regression

model. However, the sieve approximation error is more prominent here than the case with two en-

dogenous threshold variables, pointing to the issue of the curse-of-dimensionality. The subsection

below discusses this problem more.

B.3 Threshold model with more than three threshold variables and the curse
of dimensionality

Naturally, we can extend our discussion to the threshold regression model with more than three

threshold variables. As shown above, the most crucial step is to decompose the leading term of the

least-squares objective function into several mutually independent terms such that we can split the

square of sum into some mutually independent sum of squares terms.

However, the more threshold variables used in a threshold variable, the less accurate the estimate

will be. First, a sufficiently large sample size needed to ensure that each regime has enough

observations for estimation accuracy. Second, if all the threshold variables are endogenous, our

proposed semiparametric approach requires the inclusion of endogenous threshold correction terms,

which are unknown functions of d arguments with d being the number of the endogenous threshold

variables. It is well-known that the sieve approximation error is of order O(L−pn ), where p = p0/d

and p0 measures the smoothness of the endogenous threshold correction terms; see, e.g., Newey

(1997) and Chen (2007). Hence, the higher the dimension of endogenous threshold variable, qt, the

larger the sieve approximation error, which results the curse-of-dimensionality of sieve estimation.

To derive the consistency and asymptotic distribution, we need Assumption 2 (f) also holds for

the semiparametric threshold regression model with three or more endogenous threshold variables.

Let Ln = c0n
l for some constants c0 > 0 and l ∈ (0, 1). Assumption 2 (f) essentially requires

11



l ∈
(

d
2p0
,min (1/4, 1− 2min(α, ρ))

)
. Thus, the upper bound of d is 2p0min (1/4, 1− 2min(α, ρ)).

The two reasons limit the use of the threshold model with more than two endogenous threshold

variables, but a threshold regression model whose regime is determined by a linear combination

of multiple threshold variables can be used to reduce the dimensionality concern; see, e.g., Seo &

Linton (2007).

C Lemmas

Let χt =
[
xTt ,Φ

T
Ln(v̂q1t , v̂q2t)

]T
and χ∗t =

[
xTt ,Φ

T
Ln(vq1t , vq2t)

]T
. Also, let M and Mj(γ1, γ2) denote

the moment functionals defined as M = E
(
χ∗tχ

∗T
t

)
and Mj(γ1, γ2) = E

(
χ∗tχ

∗T
t I

(j)
t (γ1, γ2)

)
.

Lemma C.1 Under Assumptions 1-2, we have

max
γ∈Θγ

‖n−1
n∑
t=1

χtχ
T
t I

(j)
t (γ1, γ2)−Mj(γ1, γ2)‖ = op(1),

for j = 1, 2, 3, 4.

Proof. Applying Lemma 2 in Chen et al. (2012), we obtain

max
γ∈Θγ

‖n−1
n∑
t=1

xtx
T
t I

(j)
t (γ1, γ2)− E(xtx

T
t I

(j)
t (γ1, γ2))‖ = op(1). (C.1)

As χt is of dimension k+Ln, which grows as the sample size increases, we will extend Lemma 2 of

Chen et al. (2012) to infinite dimension case.

First, under Assumptions 1 (a)-(b), applying the first order Taylor expansion, we have

ΦLn(v̂q1t , v̂q2t) = ΦLn(vq1t , vq2t) + DΦLn(ṽq1t , ṽq2t)

[
zT1t(π̂q1 − πq1)
zT2t(π̂q2 − πq2)

]
,

where ṽqjt lies between vqjt and v̂qjt , vqjt − v̂qjt = zTjt(π̂qj − πqj ) for j = 1, 2 and DΦLn(vq1t , vq2t) is

the Ln × 2 first order derivative matrix w.r.t vq1t and vq2t .

Hence, we have

n−1
n∑
t=1

xtΦLn(v̂q1t , v̂q2t)
T I

(j)
t (γ1, γ2) = n−1

n∑
t=1

xtΦ
T
Ln(vq1t , vq2t)I

(j)
t (γ1, γ2)

+ n−1
n∑
t=1

xt

[
zT1t(π̂q1 − πq1)
zT2t(π̂q2 − πq2)

]T
DTΦLn(ṽq1t , ṽq2t)I

(j)
t (γ1, γ2) = A

(j)
n,1(γ1, γ2) +A

(j)
n,2(γ1, γ2), (C.2)
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where, under Assumptions 2 (b) and (e), as π̂q1 − πq1 = Op(n
−1/2) and π̂q2 − πq2 = Op(n

−1/2), for

all γ ∈ Θγ ,

‖A(j)
n,2(γ1, γ2)‖ ≤ ‖n−1

n∑
t=1

xt

[
zT1t(π̂q1 − πq1)
zT2t(π̂q2 − πq2)

]T
DTΦLn(ṽq1t , ṽq2t)‖ ≤ n−1

n∑
t=1

‖xt‖‖zT1t

× (π̂1 − π1)‖‖ΦLn‖1 + n−1
n∑
t=1

‖xt‖‖zT2t(π̂2 − π2)‖‖ΦLn‖1 = Op(‖ΦLn‖1/
√
n), (C.3)

for j = 2, 3, 4.

Next, replacing It(γ) by I
(1)
t (γ1, γ2) in proof of Lemma 1 of Kourtellos et al. (2022) and applying

similar argument, we can show, for all γ ∈ Θγ ,∥∥∥A(1)
n,1(γ1, γ2)− E

[
xtΦ

T
Ln(vq1t , vq2t)I

(1)
t (γ1, γ2)

]∥∥∥ = Op(
√
Ln/n).

Then, closely following the interval partition method in proof of Lemma 1 of Kourtellos et al.

(2022), we have

max
γ∈Θγ

∥∥∥A(1)
n,1(γ1, γ2)− E

[
xtΦ

T
Ln(vq1t , vq2t)I

(1)
t (γ1, γ2)

]∥∥∥ = op(1).

For j = 2, we have

A
(2)
n,1(γ1, γ2) = n−1

n∑
t=1

xtΦ
T
Ln(vq1t , vq2t)I(q1t ≤ γ1)−A(1)

n,1(γ1, γ2),

where, closely following the proof of Lemma 1 in Kourtellos et al. (2022), we can show the first

term

max
γ1∈Θγ1

∥∥∥∥∥n−1
n∑
t=1

xtΦ
T
Ln(vq1t , vq2t)I(q1t ≤ γ1)− E

[
xtΦ

T
Ln(vq1t , vq2t)I(q1t ≤ γ1)

]∥∥∥∥∥ = op(1).

A similar proof can be applied to the cases where j = 3 and 4. Hence, combining with (C.3),

we have

max
γ∈Θγ

∥∥∥∥∥n−1
n∑
t=1

xtΦ
T
Ln(v̂q1t , v̂q2t)I

(j)
t (γ1, γ2)− E

(
xtΦ

T
Ln(vq1t , vq2t)I

(j)
t (γ1, γ2)

)∥∥∥∥∥ = op(1) (C.4)

for all j = 1, 2, 3, 4.
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Next, note that

n−1
n∑
t=1

ΦLn(v̂q1t , v̂q2t)Φ
T
Ln(v̂q1t , v̂q2t)I

(j)
t (γ1, γ2) = n−1

n∑
t=1

ΦLn(vq1t , vq2t)Φ
T
Ln(vq1t , vq2t)I

(j)
t (γ1, γ2)

+ n−1
n∑
t=1

DΦLn(ṽq1t , ṽq2t)

[
zT1t(π̂q1 − πq1)
zT2t(π̂q2 − πq2)

]
ΦT
Ln(vq1t , vq2t)I

(j)
t (γ1, γ2)

+ n−1
n∑
t=1

ΦLn(vq1t , vq2t)

[
zT1t(π̂q1 − πq1)
zT2t(π̂q2 − πq2)

]T
DTΦLn(ṽq1t , ṽq2t)I

(j)
t (γ1, γ2)

+ n−1
n∑
t=1

DΦLn(ṽq1t , ṽq2t)

[
zT1t(π̂q1 − πq1)
zT2t(π̂q2 − πq2)

] [
zT1t(π̂q1 − πq1)
zT2t(π̂q2 − πq2)

]T
DTΦLn(ṽq1t , ṽq2t)I

(j)
t (γ1, γ2)

= Bj
n,1(γ1, γ2) +Bj

n,2(γ1, γ2) +BjT
n,2(γ1, γ2) +Bj

n,4(γ1, γ2)

where, with very similar proof to A
(j)
n,1 and A

(j)
n,2 , we can show, for all γ ∈ Θγ ,∥∥∥Bj

n,1(γ1, γ2)− E
(

ΦLn(vq1t , vq2t)Φ
T
Ln(vq1t, vq2t)I

(j)
t (γ1, γ2)

)∥∥∥ = Op(Ln/n),∥∥∥Bj
n,2(γ1, γ2)

∥∥∥ = Op(‖ΦLn‖1
√
Ln/n),∥∥∥Bj

n,3(γ1, γ2)
∥∥∥ = Op(‖ΦLn‖21/n)

for j = 1, 2, 3, 4.

Under Assumption 2 (f), closely following the interval partition trick used in the proof of Lemma

1 in Kourtellos et al. (2022) yields

max
γ∈Θγ

∥∥∥Bj
n,1(γ1, γ2)− E

(
ΦLn(vq1t , vq2t)Φ

T
Ln(vq1t , vq2t)I

(j)
t (γ1, γ2)

)∥∥∥ = op(1).

Hence, under Assumption 2 (f), we have

max
γ∈Θγ

∥∥∥∥∥n−1
n∑
t=1

ΦLn(v̂q1t , v̂q2t)Φ
T
Ln(v̂q1t , v̂q2t)I

(j)
t (γ1, γ2)− E

(
ΦLn(vq1t , vq2t)Φ

T
Ln(vq1t , vq2t)I

(j)
t (γ1, γ2)

)∥∥∥∥∥ = op(1).

(C.5)

Combining equation (C.5) with (C.1) and (C.4) , this completes the proof of this Lemma.

Lemma C.2 Under Assumptions 1-2, we have

max
γ∈Θγ

∥∥∥∥∥n−1
n∑
t=1

χt,γx
T
t − E

(
χ∗t,γx

T
t

)∥∥∥∥∥ = op(1), (C.6)

max
γ∈Θγ

∥∥∥∥∥n−1
n∑
t=1

χt,γη
(i)T

0 (zT1tπ1, z
T
2tπ2)− E

(
χ∗t,γη

(i)T

0 (zT1tπ1, z
T
2tπ2)

)∥∥∥∥∥ = op(1), (C.7)
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for i = 2, 3, 4, where χt,γ is of dimension 4(k + Ln) and defined in (2.6) in section 2 and χ∗t,γ is

defined in Assumption 2 (b).

Proof. We only show (C.6) as (C.7) can be proved in the same way.

Following the proof of Lemma C.1, we can show

max
γ∈Θγ

∥∥∥∥∥n−1
n∑
t=1

χtx
T
t I

(j)
t (γ1, γ2)− E

(
χ∗tx

T
t I

(j)
t (γ1, γ2)

)∥∥∥∥∥ = op(1),

for j = 1, 2, 3, 4. Hence, we have

max
γ∈Θγ

∥∥∥∥∥n−1
n∑
t=1

χt,γx
T
t − E

(
χ∗t,γx

T
t

)∥∥∥∥∥ ≤ max
γ∈Θγ1×Θγ2

4∑
j=1

∥∥∥∥∥n−1
n∑
t=1

χtx
T
t I

(j)
t (γ1, γ2)− E

(
χ∗tx

T
t I

(j)
t (γ1, γ2)

)∥∥∥∥∥ = op(1).

This completes the proof of this Lemma.

Now, re-denote χt =
[
zTxtπ̂

T
x ,Φ

T
Ln

(v̂q1t , v̂q2t)
T
]T

and χ∗t =
[
zTxtπ

T
x ,Φ

T
Ln

(vq1t , vq2t)
]T

. Let M

and Mj(γ1, γ2) re-denote the moment functionals defined as M = E
(
χ∗tχ

∗T
t

)
and Mj(γ1, γ2) =

E
(
χ∗tχ

∗T
t I

(j)
t (γ1, γ2)

)
.

Lemma C.3 Under Assumptions 3-4, we have

max
γ∈Θγ

∥∥∥∥∥n−1
n∑
t=1

χtχ
T
t I

(j)
t (γ1, γ2)−Mj(γ1, γ2)

∥∥∥∥∥ = op(1),

for j = 1, 2, 3, 4.

Proof. Note that π̂x − πx = Op(n
−1/2). Hence, for all γ1 ∈ Θγ1 and γ2 ∈ Θγ2 and j = 1, 2, 3, 4,

we have

n−1
n∑
t=1

x̂tx̂
T
t I

(j)
t (γ1, γ2) = n−1

n∑
t=1

πxzxtz
T
xtπ

T
x I

(j)
t (γ1, γ2) +Op(n

−1),

n−1
n∑
t=1

x̂tΦ
T
Ln(v̂q1t , v̂q2t)I

(j)
t (γ1, γ2) = n−1

n∑
t=1

πxzxtΦ
T
Ln(v̂q1t , v̂q2t)I

(j)
t (γ1, γ2) +Op(‖ΦLn‖1/

√
n).

Following the proof of Lemma C.1 with xt being replaced with πxzxt completes the proof of this

Lemma.
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Lemma C.4 Under Assumptions 3-4, we have

max
γ∈Θγ

∥∥∥∥∥n−1
n∑
t=1

χt,γ x̂
T
t − E

(
χ∗t,γz

T
xtπ

T
x

)∥∥∥∥∥ = op(1),

max
γ∈Θγ

∥∥∥∥∥n−1
n∑
t=1

χt,γη
(i)T

0 (vq1t , vq2t)− E
(
χ∗t,γη

(i)T

0 (vq1t , vq2t)
)∥∥∥∥∥ = op(1),

for i = 2, 3, 4, where χt,γ is of dimension 4(k + Ln) and defined in (3.3) in section 3 and χ∗t,γ is

defined in Assumption 4 (b).

Proof. Closely following the proof of Lemma C.2 and Lemma C.3 completes the proof of this

Lemma.

D Proof of Theorems

Proof of Theorem 1: For simplicity, denote θj =
[
βTj , α

T
Ln,j

]T
for j = 1, 2, 3, 4. Denote θ̂j(γ) as

the least square estimator of θj given γ. Hence, we can rewrite the model (2.4) as

yt =

4∑
j=1

χTt θjI
(j)
t (γ0

1 , γ
0
2) + ε̃t,

where

ε̃t =
4∑
j=1

(
hj(vq1t , vq2t)− h∗j (v̂q1t , v̂q2t)

)
I

(j)
t (γ0

1 , γ
0
2) + εt.

Given γ, the sum of squared residuals can be written as

Sn(γ1, γ2) = Y TY − Ŷ T Ŷ

=
4∑
j=1

[
θTj χ

T I(j)(γ0
1 , γ

0
2)χθj − θ̂

T

j χ
T I(j)(γ1, γ2)χθ̂j

]
+ 2

4∑
j=1

ε̃T I(j)(γ0
1 , γ

0
2)χθj + ε̃T ε̃

= Sn1(γ1, γ2) + Sn2(γ1, γ2) + Sn3(γ1, γ2), (D.1)

where I(j)(γ) is a n × n diagonal matrix with tth diagonal element being I(j)(γ), χ stacks up χTt ,

and ε̃ is an n× (k + Ln) matrix stacking up ε̃t.

First, we consider Sn3(γ1, γ2). Note that, for j = 1, 2, 3, 4,

hj(vq1t , vq2t)− h∗j (v̂q1t , v̂q2t) =
(
hj(vq1t , vq2t)− h∗j (vq1t , vq2t)

)
+
(
h∗j (vq1t , vq2t)− h∗j (v̂q1t , v̂q2t)

)
.

(D.2)
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For the first term, by Assumption 2 (d), we have

hj(vq1t , vq2t)− h∗j (vq1t , vq2t) = O(L−pn ), (D.3)

for all j = 1, 2, 3, 4 and t = 1, ..., n.

Applying first order Taylor expansion to the second term, we have

h∗j (vq1t , vq2t)− h∗j (v̂q1t , v̂q2t) = αTLn,jDΦLn(ṽq1t , ṽq2t)

[
zT1t(π̂q1 − πq1)
zT2t(π̂q2 − πq2)

]
, (D.4)

which implies, for j = 1, 2, 3, 4,

n−1
n∑
t=1

[
h∗j (vq1t , vq2t)− h∗j (v̂q1t , v̂q2t)

]
= Op(‖ΦLn‖1/

√
n).

Hence, for j = 1, 2, 3, 4, we have

n−1
n∑
t=1

[
hj(vq1t , vq2t)− h∗j (v̂q1t , v̂q2t)

]
= O(L−pn ) +Op(‖ΦLn‖1/

√
n). (D.5)

Under Assumptions 1 (a)-(c) and 2 (d)-(f) and by (D.5) we have

n−1Sn3(γ1, γ2) = n−1εT ε+O(L−2p
n ) +Op(‖ΦLn‖21/n) = n−1εT ε+ op(1). (D.6)

Next, we consider Sn2(γ1, γ2). Note that, by triangular inequality, for j = 1, 2, 3, 4, we have

4∑
j=1

∣∣∣n−1ε̃T I(j)(γ0
1 , γ

0
2)χθj

∣∣∣ ≤ 4∑
j=1

∣∣∣∣∣n−1
n∑
t=1

χTj,t,γθj
[
hj(vq1t , vq2t)− h∗j (v̂q1t , v̂q2t)

]∣∣∣∣∣+
4∑
j=1

∣∣n−1εTχθj
∣∣ ,

(D.7)

where χTj,t,γ is defined in section 2.1

For the first term of (D.7), by (D.5), we have

4∑
j=1

∣∣∣∣∣n−1
n∑
t=1

χTj,t,γθj
[
hj(vq1t , vq2t)− h∗j (v̂q1t , v̂q2t)

]∣∣∣∣∣ ≤ Op(L−pn + ‖ΦLn‖1/
√
n)

×
4∑
j=1

(
n−1

n∑
t=1

∣∣xTt βj∣∣+ n−1
n∑
t=1

∣∣h∗j (v̂q1t , v̂q2t)∣∣
)
.

where
∑4

j=1

∣∣n−1
∑n

t=1 x
T
t βj
∣∣ = Op(1) under Assumption 2 (a), and

n−1
n∑
t=1

h∗j (v̂q1t , v̂q2t) = n−1
n∑
t=1

hj(vq1t , vq2t) +Op(L
−p
n + ‖ΦLn‖1/

√
n) = Op(1) (D.8)

17



under Assumptions 2 (d)-(f) for j = 1, 2, 3, 4. Hence, we have

4∑
j=1

∣∣∣∣∣n−1
n∑
t=1

χTj,t,γθj
[
hj(vq1t , vq2t)− h∗j (v̂q1t , v̂q2t)

]∣∣∣∣∣ = Op
(
L−pn + ‖ΦLn‖1/

√
n
)
,

Similarly, under Assumptions 1 (c), 2 (a), and 2 (d), we can show, for j = 1, 2, 3, 4,

∣∣n−1εTχθj
∣∣ ≤ n−1

n∑
t=1

∣∣xTt βjεt∣∣+ n−1
n∑
t=1

∣∣h∗j (v̂q1t , v̂q2t)εt∣∣ = Op(n
−1/2).

To sum up, we have

n−1Sn2(γ1, γ2) = Op

(
L−pn + n−1/2‖ΦLn‖1 + n−1/2

)
= op(1). (D.9)

where the second equality holds under Assumption 2 (f).

Next, to find the probability limit of Sn1(γ1, γ2), we partition the threshold space into four

regimes, which is closely related to the proof of Theorem 1 in Chen et al. (2012). Below, we only

show the first regime as the remaining three cases can be obtained by analogy.

Case 1 : γ1 ≤ γ0
1 and γ2 ≤ γ0

2 .

Note that, by (D.5) and under Assumptions 1 (c) and 2 (a), we have

∥∥n−1ε̃TχχT ε̃
∥∥ ≤ 4∑

j=1

∥∥hj(vq1t , vq1t)− h∗j (v̂q1t , v̂q2t)∥∥2
+
∥∥n−1χT ε

∥∥2

= Op
(
L−2p
n + ‖ΦLn‖21/n+ Ln/n

)
,

which implies, under Assumption 2 (f) for j = 1, 2, 3, 4,∥∥∥n−1χT I(j)(γ1, γ2)ε̃
∥∥∥ ≤ ∥∥n−1χT ε̃

∥∥ = Op

(
L−pn + ‖ΦLn‖1/

√
n+

√
Ln/n

)
= op(1).

Hence, under Assumptions 1-2 and by Lemma C.1, we can show

θ̂1 =
[
χT I(1)(γ1, γ2)χ

]−1
χT I(1)(γ1, γ2)y = θ1 +

[
n−1χT I(1)(γ1, γ2)χ

]−1 [
n−1χT I(1)(γ1, γ2)ε̃

]
= θ1 + op(1), (D.10)

θ̂2 =
[
χT I(2)(γ1, γ2)χ

]−1
χT I(2)(γ1, γ2)y = θ2 +

[
χT I(2)(γ1, γ2)χ

]−1
χT
[
I(2)(γ1, γ2)− I(2)(γ1, γ

0
2)
]

× χ (θ1 − θ2) +
[
χT I(2)(γ1, γ2)χ

]−1
χT I(2)(γ1, γ2)ε̃ = θ2 +M2(γ1, γ2)−1

(
M2(γ1, γ2)−M2(γ1, γ

0
2)
)

× (θ1 − θ2) + op(1), (D.11)
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θ̂3 =
[
χT I(3)(γ1, γ2)χ

]−1
χT I(3)(γ1, γ2)y = θ2 +M3(γ1, γ2)−1M3(γ0

1 , γ2) (θ3 − θ2) +M3(γ1, γ2)−1

×
(
M3(γ1, γ2)−M3(γ0

1 , γ2)
)

(θ1 − θ2) + op(1), (D.12)

θ̂4 =
[
χT I(4)(γ1, γ2)χ

]−1
χT I(4)(γ1, γ2)y = θ2 +M4(γ1, γ2)−1

(
M4(γ1, γ2)−M4(γ0

1 , γ2)−M4(γ1, γ
0
2)

+M4(γ0
1 , γ

0
2)
)

(θ1 − θ2) +M4(γ1, γ2)−1
(
M4(γ0

1 , γ2)−M4(γ0
1 , γ

0
2)
)

(θ3 − θ2) +M4(γ1, γ2)−1

×M4(γ0
1 , γ

0
2) + op(1). (D.13)

Note that equations (D.10)-(D.13) imply

4∑
j=1

θ̂
T

j Mj(γ1, γ2)θ2 = θT1 M1(γ1, γ2)θ2 + (θ1 − θ2)T
[
M2(γ1, γ2)−M2(γ1, γ

0
2)
]
θ2 + θT2 M2(γ1, γ2)θ2

+ (θ1 − θ2)T
[
M3(γ1, γ2)−M3(γ0

1 , γ2)
]
θ2 + (θ3 − θ2)T M3(γ0

1 , γ2)θ2 + θT2 M2(γ1, γ2)θ2

+ (θ1 − θ2)T
[
M4(γ0

1 , γ
0
2)−M4(γ0

1 , γ2)−M4(γ1, γ
0
2) +M4(γ1, γ2)

]
θ2 + (θ4 − θ3)T M4(γ0

1 , γ
0
2)θ2

+ (θ3 − θ2)T
[
M4(γ0

1 , γ2)−M4(γ0
1 , γ

0
2)
]
θ2 + θT2 M4(γ1, γ2)θ2 + op(1)

= θT1
[
M1(γ1, γ2) +M2(γ1, γ2)−M2(γ1, γ

0
2) +M3(γ1, γ2)−M3(γ0

1 , γ2)
]
θ2

+ θT2 M2(γ1, γ2)θ2

+ θ3

[
M3(γ0

1 , γ2) +M4(γ0
1 , γ2)−M4(γ0

1 , γ
0
2)
]
θ2

+ θT4 M4(γ0
1 , γ

0
2)θ2 + op(1)

=

4∑
j=1

θjMj(γ
0
1 , γ

0
2)θ2 + op(1).
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Hence, applying simple calculation, we have

n−1Sn1(γ1, γ2) =

4∑
j=1

θTj Mj(γ
0
1 , γ

0
2) (θj − θ2) +

4∑
j=1

θ̂
T

j Mj(γ1, γ2)θ2 −
4∑
j=1

θ̂
T

j Mj(γ1, γ2)θ̂j + op(1)

= (θ1 − θ2)T
{
M1(γ0

1 , γ
0
2)−M1(γ1, γ2)−M2(γ1, γ2)−1

[
M2(γ1, γ2)−M2(γ0

1 , γ
0
2)
] [
M2(γ1, γ2)−M2(γ0

1 , γ
0
2)
]T

−M3(γ1, γ2)−1
[
M3(γ1, γ2)−M3(γ0

1 , γ2)
] [
M3(γ1, γ2)−M3(γ0

1 , γ2)
]T −M4(γ1, γ2)−1

[
M4(γ0

1 , γ
0
2)−M4(γ0

1 , γ2)

−M4(γ1, γ
0
2) +M4(γ1, γ2)

] [
M4(γ0

1 , γ
0
2)−M4(γ0

1 , γ2)−M4(γ1, γ
0
2) +M4(γ1, γ2)

]T }
(θ1 − θ2)

+ (θ3 − θ2)T
{
M3(γ0

1 , γ
0
2)−M4(γ1, γ2)−1

[
M4(γ0

1 , γ2)−M4(γ0
1 , γ

0
2)
] [
M4(γ0

1 , γ2)−M4(γ0
1 , γ

0
2)
]T

−M3(γ1, γ2)−1M3(γ0
1 , γ2)M3(γ0

1 , γ2)T
}

(θ3 − θ2)

+ (θ4 − θ2)T
{
M4(γ0

1 , γ
0
2)−M4(γ1, γ2)−1M4(γ0

1 , γ
0
2)M4(γ0

1 , γ
0
2)T
}

(θ4 − θ2) + op(1)

= (θ1 − θ2)T Q1 (θ1 − θ2) + (θ3 − θ2)Q2 (θ3 − θ2) + (θ4 − θ2)T Q3 (θ4 − θ2) + op(1)

= S1(γ1, γ2) + op(1).

Note that,

M1(γ0
1 , γ

0
2)−M1(γ1, γ2) = M2(γ1, γ2)−M2(γ0

1 , γ
0
2) +M3(γ1, γ2)−M3(γ0

1 , γ2)

+M4(γ0
1 , γ

0
2)−M4(γ0

1 , γ2)−M4(γ1, γ
0
2) +M4(γ1, γ2),

and

M3(γ0
1 , γ

0
2) = M4(γ0

1 , γ2)−M4(γ0
1 , γ

0
2) +M3(γ0

1 , γ2).

Also, for γ1 ≤ γ0
1 and γ2 ≤ γ0

2 , we have

M2(γ1, γ2)−M2(γ0
1 , γ

0
2) �M2(γ1, γ2),

M3(γ1, γ2)−M3(γ0
1 , γ2) �M3(γ1, γ2),

M4(γ0
1 , γ

0
2)−M4(γ0

1 , γ2)−M4(γ1, γ
0
2) +M4(γ1, γ2) �M4(γ1, γ2),

M4(γ0
1 , γ2)−M4(γ0

1 , γ
0
2) �M4(γ1, γ2),

M3(γ0
1 , γ2 �M3(γ1, γ2),

M4(γ0
1 , γ

0
2) �M4(γ1, γ2).

Therefore, we can show that Q1, Q2, and Q3 are all positive semi-definite matrices. Thus, we have

S1(γ1, γ2) ≥ S1(γ0
1 , γ

0
2) = 0. (D.14)
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Similarly, for all four regimes (j = 1, 2, 3, 4) and all γ ∈ Θγ ,

n−1Sn(γ1, γ2) = Sj1(γ1, γ2) + op(1),

where Sj1(γ1, γ2) is a continuous function of γ and is uniquely minimized at γ0. Then, following

Theorem 2.1 in Newey & Mcfadden (1994), we have γ̂
p−→ γ0.

Now, we verify that ‖θ̂ − θ‖ = Op(L
−p
n + n−1/2‖ΦLn‖1 +

√
Ln/n + n−min(α,%)). By definition,

we have

θ̂(γ1, γ2)− θ = (n−1χTγ χγ)−1n−1χTγ (y − χγθ),

where

y − χγθ = h1(vq1 , vq2)− h∗1(v̂q1 , v̂q2) + n−ρ
4∑
j=2

I(j)(γ1, γ2)
[
η

(j)
0 (vq1 , vq2)− η∗(j)0 (v̂q1 , v̂q2)

]

+ ε+
4∑
j=2

[
I(j)(γ0

1 , γ
0
2)− I(j)(γ1, γ2)

] [
n−αxδ

(j)
0 + n−ρη

(j)
0 (vq1 , vq2)

]
,

where, x is an n×k matrix stacking up xTt , h1(vq1 , vq2), h∗1(v̂q1 , v̂q2), η
(j)
n (vq1 , vq2), and η∗

(j)

n (v̂q1 , v̂q2)

stack up h1(vq1t , vq2t), h
∗
1(v̂q1t , v̂q2t), η

(j)
n (vq1t , vq2t), and η∗

(j)

n (v̂q1t , v̂q2t) respectively for j = 2, 3, 4.

Let ‖A‖sp denote the spectral norm for matrix A. As ‖.‖sp is submultiplicative, we have∥∥∥θ̂(γ1, γ2)− θ
∥∥∥
sp

=
∥∥∥(n−1χTγ χγ

)−1
n−1χTγ (y − χγθ)

∥∥∥
sp

≤
∥∥∥(n−1χTγ χγ

)−1/2
∥∥∥
sp

∥∥∥(n−1χTγ χγ
)−1/2

n−1χTγ (y − χγθ)
∥∥∥
sp
. (D.15)

First, under Assumption 2 (b) and by Lemma C.1, for all γ ∈ Θγ , we have∥∥∥(n−1χTγ χγ
)−1/2

∥∥∥
sp

=
∥∥∥E−1/2

(
χ∗t,γχ

∗T
t,γ

)∥∥∥
sp

+ op(1) = λ1/2
max

(
E−1

(
χ∗t,γχ

∗T
t,γ

))
+ op(1) = Op(1).

(D.16)

Next, similar to the proof of Lemma 3 in Kourtellos et al. (2022), under Assumptions 1-2, we

have, for all γ ∈ Θγ ,

n−1εTχγ
(
χTγ χγ

)−1
χTγ ε = Op(Ln/n). (D.17)

Similar to the proof of Lemma C.1, under Assumption 2 (a), we have, for all γ ∈ Θγ

n−1
4∑
j=2

[
I(j)(γ0

1 , γ
0
2)− I(j)(γ1, γ2)

] [
n−αxδ

(j)
0 + n−ρη

(j)
0 (vq1 , vq2)

]

≤ n−1
4∑
j=2

[
n−αxδ

(j)
0 + n−ρη

(j)
0 (vq1 , vq2)

]
= Op

(
n−α + n−ρ

)
. (D.18)
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Hence, by equations (D.2), (D.16), (D.17), and (D.18) and closely following the proof of Lemma

4 in Kourtellos et al. (2022), we have∥∥∥θ̂(γ1, γ2)− θ
∥∥∥
sp
≤ Op(1)λ1/2

max

{
n−1 (y − χγθ)T χγ

(
χTγ χγ

)−1
χTγ (y − χγθ)

}
= Op

(
L−pn + n−1/2‖ΦLn‖1 +

√
Ln/n+ n−min(α,%)

)
.

This completes the proof of the Theorem.

Proof of Theorem 2: In the matrix form, we have

y − χγ θ̂(γ) = xβ1 +
4∑
j=2

x(j)
γ0 δ

(j)
n + h1(vq1 , vq2) +

4∑
j=2

η(j)
n,γ0(vq1 , vq2) + ε

− xβ̂1 −
4∑
j=2

x(j)
γ δ̂

(j)

n − h∗1(v̂q1 , v̂q2)−
4∑
j=2

η∗
(j)

n,γ (v̂q1 , v̂q2)

= ε+ ∆n −
4∑
j=2

∆x(j)
γ δ̂

(j)

n −
4∑
j=2

∆η∗
(j)

n,γ (v̂q1 , v̂q2),

where ∆n = x
(
β1 − β̂1

)
+
∑4

j=2 x
(j)
γ0

(
δ

(j)
n − δ̂

(j)

n

)
+h1(vq1 , vq2)−h∗1 (v̂q1 , v̂q2)+

∑4
j=2

(
η

(j)
n,γ0(vq1 , vq2)−

η∗
(j)

n,γ0(v̂q1 , v̂q2), ∆x
(j)
γ = x

(j)
γ − x(j)

γ0 , ∆η̂∗
(j)

n,γ = η̂∗
(j)

n,γ − η̂∗
(j)

n,γ0 , x
(j)
γ stacks up xTt I

(j)
t (γ), and η

(j)
n,γ(vq1 , vq2)

stacks up η
(j)
n,γ(vq1t , vq2t)I

(j)
t (γ).

Note that for all j = 2, 3, 4,, we have ∆x
(j)
γ0 = 0 and ∆η∗

(j)

n,γ0 = 0. For i 6= j, we have(
x

(j)
γ δ̂

(j)

n

)T (
x

(i)
γ δ̂

(i)

n

)
= 0,

[
η∗

(j)

n,γ (v̂q1 , v̂q2)
]T [

η∗
(i)

n,γ (v̂q1 , v̂q2)
]

= 0. Let κ̂n,j =
[
δ̂
T

n , n
−%α̂TLn,0,j

]T
and

κn,j =
[
n−αδT0 , n

−%αTLn,0,j

]T
for j = 2, 3, 4.

Now, let γ1 = γ0
1 + v

an
and γ2 = γ0

2 + w
an

. Similar to the proof of Theorem 1 of Chen et al.

(2012), we partition the model into four cases and show the proof for the case where v > 0 and

w > 0. The remaining three cases can be proved accordingly.
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By simple calculation, we have

∆x(2)
γ δ̂

(2)

n + ∆η∗
(2)

n,γ (v̂q1 , v̂q2)

=
n∑
t=1

κ̂Tn,2χt

[
I

(2)
t (γ)− I(2)

t (γ0)
]

=
n∑
t=1

κ̂Tn,2χt

[
I

(2)
t (γ)− I(2)

t (γ0
1 , γ2) + I

(2)
t (γ0

1 , γ2)− I(2)
t (γ0)

]
=

n∑
t=1

κ̂Tn,2χt
[
I(γ0

1 ≤ q1t < γ1, γ2 ≤ q2t)− I(q1t < γ0
1 , γ

0
2 ≤ q2t < γ2)

]
,

∆x(3)
γ δ̂

(3)

n + ∆η∗
(3)

n,γ (v̂q1 , v̂q2)

=
n∑
t=1

κ̂Tn,3χt

[
I

(2)
t (γ)− I(2)

t (γ0)
]

=

n∑
t=1

κTn,3χt

[
I

(3)
t (γ)− I(3)

t (γ0
1 , γ2) + I

(3)
t (γ0

1 , γ2)− I(3)
t (γ0)

]
=

n∑
t=1

κ̂Tn,3χt
[
−I(γ0

1 ≤ q1t < γ1, q2t < γ2) + I(γ0
1 ≤ q1t, γ

0
2 ≤ q2t < γ2)

]
,

∆x(4)
γ δ̂

(4)

n + ∆η∗
(4)

n,γ (v̂q1 , v̂q2)

=

n∑
t=1

κ̂Tn,4χt

[
I

(4)
t (γ)− I(4)

t (γ0)
]

=
n∑
t=1

κ̂Tn,4χt

[
I

(4)
t (γ)− I(4)

t (γ0
1 , γ2) + I

(4)
t (γ0

1 , γ2)− I(4)
t (γ0)

]
=

n∑
t=1

κ̂Tn,4χt
[
−I(γ0

1 ≤ q1t < γ1, γ2 ≤ q2t)− I(γ0
1 ≤ q1t, γ

0
2 ≤ q2t < γ2)

]
.

Summing up, we have

4∑
j=2

(
∆x(j)

γ δ̂
(j)

n + ∆η∗
(j)

n,γ (v̂q1 , v̂q2)
)

=
n∑
t=1

{
(κ̂n,2 − κ̂n,4)T χtI(γ0

1 ≤ q1t < γ1, γ2 ≤ q2t)− κ̂Tn,2χtI(q1t < γ0
1 , γ

0
2 ≤ q2t < γ2)

− κ̂Tn,3χtI(γ0
1 ≤ q1t < γ1, q2t < γ2) + (κ̂n,3 − κ̂n,4)T χtI(γ0

1 ≤ q1t, γ
0
2 ≤ q2t < γ2)

}
.
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Since the four terms are orthogonal to each other, we can show the centered process as

Sn(γ)− Sn(γ0)

=

 4∑
j=2

(
∆x(j)

γ δ̂
(j)

n + ∆η∗
(j)

n,γ (v̂q1 , v̂q2)
)T  4∑

j=2

(
∆x(j)

γ δ̂
(j)

n + ∆η∗
(j)

n,γ (v̂q1 , v̂q2)
)

− 2 (ε+ ∆n)T

 4∑
j=2

∆x(j)
γ δ̂

(j)

n +

4∑
j=2

∆η∗
(j)

n,γ (v̂q1 , v̂q2)


=

n∑
t=1

{
[κn,2 − κn,4]T χtχ

T
t [κn,2 − κn,4] I(γ0

1 ≤ q1t < γ1, q2t > γ2) + κTn,2χtχ
T
t κn,2I(q1t ≤ γ0

1 , γ
0
2 ≤ q2t < γ2)

+ κTn,3χtχ
T
t κn,3I(γ0

1 ≤ q1t < γ1, q2t ≤ γ2) + [κn,3 − κn,4]T χtχ
T
t [κn,3 − κn,4] I(q1t > γ0

1 , γ
0
2 ≤ q2t < γ2)

}
− 2

4∑
j=2

κ̂n,j

[
n∑
t=1

εtχt

(
I

(j)
t (γ1, γ2)− I(j)

t (γ0
1 , γ

0
2)
)]

− 2
4∑
j=2

κ̂Tn,j

[
n∑
t=1

∆ntχt

(
I

(j)
t (γ1, γ2)− I(j)

t (γ0
1 , γ

0
2)
)]

+
n∑
t=1

{
[(κ̂n,2 − κ̂n,4)− (κn,2 − κn,4)]T χtχ

T
t [(κ̂n,2 − κ̂n,4) + (κn,2 − κn,4)] I(γ0

1 ≤ q1t < γ1, q2t > γ2)

+ [κ̂n,2 − κn,2]T χtχ
T
t [κ̂n,2 + κn,2] I(q1t ≤ γ0

1 , γ
0
2 ≤ q2t < γ2)

+ [κ̂n,3 − κn,3]T χtχ
T
t [κ̂n,3 + κn,3] I(γ0

1 ≤ q1t < γ1, q2t ≤ γ2)

+ [(κ̂n,3 − κ̂n,4)− (κn,3 − κn,4)]T χtχ
T
t [(κ̂n,3 − κ̂n,4) + (κn,3 − κn,4)] I(q1t > γ0

1 , γ
0
2 ≤ q2t < γ2)

}
= S∗n,1(γ)− 2S∗n,2(γ)− 2S∗n,3(γ) + S∗n,4(γ), (D.19)

where ∆nt is the tth element of ∆n.

To examine the limiting behavior of Sn(γ) − Sn(γ0), we study the asymptotics of S∗n,i(γ), for

i = 1, 2, 3, 4.

First, closely following the proof of Theorem 2 in Kourtellos et al. (2022) and Lemma A.9 in

Hansen (2000), we can show that,

an(γ̂ − γ0) = Op(1),

where an = n1−2min(α,%).

Next, we consider S∗n,1(γ). Applying simple calculation, we have

S∗n,1(γ) =
∑n

t=1

{[
(κn,2 − κn,4)T χ∗t

]2
I(γ0

1 ≤ q1t < γ1, q2t > γ2) +
(
κTn,2χ

∗
t

)2
I(q1t ≤ γ0

1 , γ
0
2 ≤ q2t <
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γ2) +
(
κTn,3χ

∗
t

)2
I(γ0

1 ≤ q1t < γ1,2t≤ γ2) +
[
(κn,3 − κn,4)Tχ∗t

]2
I(q1t > γ0

1 , γ
0
2 ≤ q2t < γ2)

}
+ 2

∑n
t=1

{
[κn,2 − κn,4]T (χt − χ∗t )χ∗

T

t [κn,2 − κn,4] I(γ0
1 ≤ q1t < γ1, q2t > γ2)

+ κTn,2 (χt − χ∗t )χ∗
T

t κn,2I(q1t ≤ γ0
1 , γ

0
2 ≤ q2t < γ2) + κTn,3 (χt − χ∗t )χ∗

T

t κn,3I(γ0
1 ≤ q1t < γ1, q2t ≤ γ2)

+ [κn,3 − κn,4]T (χt − χ∗t )χ∗
T

t [κn,3 − κn,4] I(q1t > γ0
1 , γ

0
2 ≤ q2t < γ2)

}
+
∑n

t=1

{[
(κn,2 − κn,4)T (χt − χ∗t )

]2
I(γ0

1 ≤ q1t < γ1, q2t > γ2) +
[
κTn,2(χt − χ∗t )

]2
I(q1t ≤ γ0

1 , γ
0
2 ≤

q2t < γ2)

+
[
κTn,3 (χt − χ∗t )

]2
I(γ0

1 ≤ q1t < γ1, q2t ≤ γ2) +
[
(κn,3 − κn,4)T (χt − χ∗t )

]2
I(q1t > γ0

1 , γ
0
2 ≤ q2t <

γ2)

}
=
∑4

j=1G
j
n(γ)+2n−2%

∑n
t=1

{
(αLn,0,2 − αLn,0,4)T [ΦLn (v̂q1 , v̂q2) − ΦLn(vq1 , vq2)]×

(
η
∗(2)
0 − η∗(4)

0

)
I(γ0

1 ≤

q1t < γ1, q2t > γ2)

− αTLn,0,2(ΦLn(v̂q1 , v̂q2)− ΦLn(vq1 , vq2))η
∗(2)
0 I(q1t ≤ γ0

1 , γ
0
2 ≤ q2t < γ2)

+ αTLn,0,2 [ΦLn(v̂q1 , v̂q2)− ΦLn(vq1 , vq2)] η
∗(2)
0 I(q1t ≤ γ0

1 , γ
0
2 ≤ q2t < γ2)

+ αTLn,0,3 [ΦLn(v̂q1 , v̂q2)− ΦLn(vq1 , vq2)] η
∗(3)
0 I(γ0

1 ≤ q1t < γ1, q2t ≤ γ2)

+ (αLn,0,3 − αLn,0,4)T [ΦLn(v̂q1 , v̂q2)− ΦLn(vq1 , vq2)]
(
η
∗(3)
0 − η∗(4)

0

)
I(q1t > γ0

1 , γ
0
2 ≤ q2t < γ2)

}
+ n−2%

∑n
t=1

{[
(αLn,0,2 − αLn,0,4)T (ΦLn(v̂q1 , v̂q2)− ΦLn(vq1 , vq2))

]2
I(γ0

1 ≤ q1t < γ1, q2t > γ2)

+
[
αTLn,0,2 (ΦLn(v̂q1 , v̂q2)− ΦLn(vq1 , vq2))

]2
I(q1t ≤ γ0

1 , γ
0
2 ≤ q2t < γ2)

+
[
αTLn,0,3 (ΦLn(v̂q1 , v̂q2)− ΦLn(vq1 , vq2))

]2
I(γ0

1 ≤ q1t < γ1, q2t ≤ γ2)

+
[
(αLn,0,3 − αLn,0,4)T (ΦLn(v̂q1 , v̂q2)− ΦLn(vq1 , vq2))

]2
I(q1t > γ0

1 , γ
0
2 ≤ q2t < γ2)

}
=
∑4

j=1G
j
n(γ) +

∑4
j=1A

(j)
1,n(γ) +

∑4
j=1A

(j)
2,n(γ) =

∑4
j=1G

j
n(γ) +

∑4
j=1A

(j)
n (γ).

For any v ∈ (0, v̄] and w ∈ (0, w̄], applying the first order Taylor expansion, we have

E

 4∑
j=1

Gjn(v, w)

 =

{
vn2min(α,%)

(
E

[(
(κn,2 − κn,4)T χ∗t

)2
+
(
κTn,3χ

∗
t

)2∣∣∣ qt = γ0

])
f0

1

+ wn2min(α,%)

(
E

[(
κTn,2χ

∗
t

)2
+
(

(κn,3 − κn,4)T χ∗t

)2
∣∣∣∣ qt = γ0

])
f0

2

}
(1 + o(1)) ,

where f0
i = fi(γ

0
1 , γ

2
2) is defined in Assumption 2 (c) for i = 1, 2. Closely following the proof of

Lemma 5 of Kourtellos et al. (2022), we can show

E


4∑
j=1

Gjn(v, w)− E

 4∑
j=1

Gjn(v, w)


2

= o (1) . (D.20)
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Hence, we have

4∑
j=1

Gjn(v, w) = vµ1 + wµ2 + op (1) , (D.21)

where

µ1 =
[
dTD∗d− 2dT2 D

(2,4)d4

]
f0

1 ,

µ2 =
[
dTD∗d− 2dT3 D

(3,4)d4

]
f0

2 , (D.22)

d =
[
dT2 , d

T
3 , d

T
4

]T
with d2 =

[
δ

(2)
0

T , 1
]T

, d3 =
[
δ

(3)
0

T , 1
]T

, d4 =
[
δ

(4)
0

T , 1
]T

, D∗ = diag
{
D(2,2), D(3,3), D(4,4)

}
,

and

D(i,j) =

 E
(
xtx

T
t |qt = γ0

)
I(α ≤ %) E(

(
xtη

(i)
0 |qt = γ0

)
I(α = %)

E
(
η

(j)
0 xTt |qt = γ0

)
I(α = %) E

(
η

(i)
0 η

(j)
0 |qt = γ0

)
I(α ≥ %)

 , (D.23)

and η
(j)
0 = η

(j)
0 (vq1 , vq2), η

(i)
0 = η

(i)
0 (vq1 , vq2) for j = 2, 3, 4 and i = 2, 3, 4.

Denote I
(j)
t (v, w) = I

(j)
t (γ0

1+ v
an
, γ0

2+ w
an

) for j = 1, 2, 3, 4. Following
∑n

t=1 |I
(j)
t (v, w)−I(j)

t (γ0)| =
Op(n

2min(α,%)), η∗
(j)

0 (v̂q1 , v̂q2)− η∗(j)0 (vq1 , vq2) = Op(‖ΦLn)‖1n−1/2), and η∗
(j)

0 (vq1 , vq2) is bounded by

a constant M for t = 1, . . . , n and j = 1, 2, 3, 4 under Assumptions 1-2, we have

4∑
j=1

A(j)
n (v, w) = Op

(
n−1/2+2(min(α,%)−%)‖ΦLn‖1

)
+Op

(
n−1+2(min(α,%)−%)‖ΦLn‖21

)
= op(1), (D.24)

where the last equality holds under Assumption 2 (f).

Closely following the interval split method used in the proof of Lemma 1 in Kourtellos et al.

(2022), we can show that
∑4

j=1A
(j)
n (v, w) = op(1) uniformly holds for all v ∈ (0, v̄] and w ∈ (0, w̄].

Therefore, we have

S∗n,1(v, w) = vµ1 + wµ2 + op(1).

uniformly over v ∈ (0, v̄] and w ∈ (0, w̄]
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Next, we consider S∗n,2(v, w). Given any v ∈ (0, v̄] and w ∈ (0, w̄], we have

S∗n,2(v, w) =
4∑
j=2

(
R(j)
n (v, w) + κ̂Tn,j

n∑
t=1

(χt − χ∗t ) εt
(
I

(j)
t (v, w)− I(j)

t (γ0)
)

+ (κ̂n,j − κn,j)T
n∑
t=1

χ∗t εt

(
I

(j)
t (v, w)− I(j)

t (γ0)
))

=
4∑
j=2

R(j)
n (v, w) [1 + op(1)] +Op

(
n1/2+min(α,ρ)−ρ‖ΦLn‖1

)
,

where

R(j)
n =

n∑
t=1

εtκ
T
n,jχ

∗
t

[
I

(j)
t (v, w)− I(j)

t (γ0)
]
.

Specifically, similar to the Lemma 5 in Kourtellos et al. (2022), for j = 2, 3, 4, under Assumptions

1 - 2, we obtain

n∑
t=1

εtκ
T
n,2χ

∗
t

[
I

(2)
t (v, w)− I(2)

t (γ0)
]

=
n∑
t=1

εtκ
T
n,2χ

∗
t

[
I

(2)
t (γ1, γ2)− I(2)

t (γ0
1 , γ2)

]
−

n∑
t=1

εtκ
T
n,2χ

∗
t

[
I

(2)
t (γ0

1 , γ
0
2)− I(2)

t (γ0
1 , γ2)

]
=⇒ [B

(2)
4,1(v)−B(2)

2,2(w)]d2,

n∑
t=1

εtκ
T
n,3χ

∗
t

[
I

(3)
t (v, w)− I(3)

t (γ0)
]

= −
n∑
t=1

εtκ
T
n,3χ

∗
t

[
I

(3)
t (γ0

1 , γ2)− I(3)
t (γ1, γ2)

]
+

n∑
t=1

εtκ
T
n,3χ

∗
t

[
I

(3)
t (γ0

1 , γ2)− I(3)
t (γ0

1 , γ
0
2)
]

=⇒ [−B(3)
3,1(v) +B

(3)
4,2(w)]d3,

n∑
t=1

εtκ
T
n,4χ

∗
t

[
I

(4)
t (v, w)− I(4)

t (γ0)
]

= −
n∑
t=1

εtκ
T
n,4χ

∗
t

[
I

(4)
t (γ0

1 , γ2)− I(4)
t (γ1, γ2)

]
−

n∑
t=1

εtκ
T
n,4χ

∗
t

[
I

(4)
t (γ0

1 , γ
0
2)− I(4)

t (γ0
1 , γ2)

]
= −

n∑
t=1

εtκ
T
n,4χ

∗
t

[
I

(2)
t (γ1, γ2)− I(2)

t (γ0
1 , γ2)

]
−

n∑
t=1

εtκ
T
n,4χ

∗
t

[
I

(3)
t (γ0

1 , γ2)− I(3)
t (γ0

1 , γ
0
2)
]

=⇒
[
−B(4)

4,1(v)−B(4)
4,2(w)

]
d4
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where

B
(4)
4,1(v) =

(
V

(4)
4

)1/2 (
V

(2)
4

)−1/2
B

(2)
4,1(v),

B
(4)
4,2(v) =

(
V

(4)
4

)1/2 (
V

(3)
4

)−1/2
B

(3)
4,2(v),

B
(2)
4,1(·), B(2)

2,2(·), B(3)
3,1(·), and B

(3)
4,2(·) are four mutually independent Brownian motion vectors corre-

sponding to the four disjointed regions with the covariance matrix

E
[
B

(j)
i,1 (1)B

(j)
i,1

T (1)
]

= V
(j)
i f0

1 ,

E
[
B

(j)
i,2 (1)B

(j)
i,2

T (1)
]

= V
(j)
i f0

2 ,

V
(j)
i =

 E
[
xtx

T
t ε

2
it|qt = γ0

]
I(α ≤ ρ) E

[
xtη

(j)
0 ε2

it|qt = γ0

]
I(α = ρ)

E
[
η

(j)
0 xTt ε

2
it|qt = γ0

]
I(α = ρ) E

[
(η

(j)
0 )2ε2

it|qt = γ0

]
I(α ≥ ρ)

 , (D.25)

and i represents the regime heteroskedasticity.

Next, let B∗1(v) =
[
B

(2)
4,1(v),−B(3)

3,1(v)
]

and B∗2(v) =
[
−B(2)

2,2(v), B
(3)
4,2(v)

]
. Thus, B∗1(v) and

B∗2(v) are two independent Brownian motion vectors with covariance matrix

E
[
B∗1(1)B∗1(1)T

]
= diag

(
V

(2)
4 , V

(3)
3

)
f0

1 ,

E
[
B∗2(1)B∗2(1)T

]
= diag

(
V

(2)
2 , V

(3)
4

)
f0

2 .

Hence, closely following Chen et al. (2012), we have

4∑
j=2

R(j)
n (v, w)

=⇒ −2 {B∗1(v)D11 +B∗2(v)D21}

= −2

{√
DT

11V
∗

11D11f0
1 W1(v) +

√
DT

21V
∗

21D21f0
2 W2(w)

}
,

whereD11 =

[
dT2 −

(
(V

(4)
4 )1/2(V

(2)
4 )−1/2d4

)T
, dT3

]T
, D21 =

[
dT2 , d

T
3 −

(
(V

(4)
4 )1/2(V

(3)
4 )−1/2d4

)T]T
,

W1(v) and W2(w) are independent standard Brownian motions, V ∗11 = diag
{
V

(2)
4 , V

(3)
3

}
, V ∗21 =

diag
{
V

(2)
2 , V

(3)
4

}
.
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Similarly, for all four cases (v ∈ [v, v], w ∈ [w,w]), we have

4∑
j=2

R(j)
n (v, w) =⇒ −2

{[√
DT

11V
∗

11D11f0
1 I(v ≥ 0) +

√
DT

12V
∗

12D12f0
1 I(v < 0)

]
W1(v)

+

[√
DT

21V
∗

21D21f0
2 I(w ≥ 0) +

√
DT

22V
∗

22D22f0
2 I(w < 0)

]
W2(w)

}
, (D.26)

where Wi(x) is two-sided Brownian motion on the real line defined as

Wi(x) =


Λi1(−x), if x < 0

0, if x = 0

Λi2(x), if x > 0

and Λij(x), for i = 1, 2, j = 1, 2 are four independent standard Brownian motions on [0,∞), and

V ∗12 = diag
{
V

(2)
2 , V

(3)
1

}
, V ∗22 = diag

{
V

(2)
1 , V

(3)
3

}
,

D12 =

[
dT2 −

(
(V

(4)
4 )1/2(V

(2)
2 )−1/2d4

)T
, dT3

]T
, D22 =

[
dT2 , d

T
3 −

(
(V

(4)
4 )1/2(V

(3)
3 )−1/2d4

)T]T
.

Next, note that S∗n,4(v, w) = op
(
S∗n,1(v, w)

)
and S∗n,3(v, w) = op

(
S∗n,1(v, w)

)
. Hence, to sum up, for

all four cases, we have

Sn(γ0
1 +

v

an
, γ0

2 +
w

an
)− Sn(γ0) = Qn(v, w) =⇒ Q(v, w) = |v|µ1 + |w|µ2 − 2 [λ1W1(v) + λ2W2(w)] ,

(D.27)

where

λ1 = λ11 I(v > 0) + λ12 I(v ≤ 0), (D.28)

λ2 = λ21 I(w > 0) + λ22 I(w ≤ 0), (D.29)

λ11 =
√
σ2

11f
0
1 , λ12 =

√
σ2

12f
0
1 , λ21 =

√
σ2

21f
0
2 , λ22 =

√
σ2

22f
0
2 , (D.30)

σ2
11 = DT

11V
∗

1,1D11, σ
2
12 = DT

12V
∗

1,2D12, σ
2
21 = DT

21V
∗

2,1D21, σ
2
22 = DT

22V
∗

2,2D22, (D.31)

and µ1, µ2 are defined in (D.22).

Let v =
λ211
µ21
r1 and w =

λ221
µ22
r1. Applying the change of variables, we complete the proof of this

theorem.
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Proof of Theorem 3: Under the null of γ = γ0 and closely following the proof of Theorem 2

and the proof of Theorem 2 of Kourtellos et al. (2022), we have

n−1Sn

(
θ̂(γ̂), γ̂

)
LRn(γ0)−Qn (γ̂) = op(1),

where Sn(θ, γ) =
∑n

t=1

(
yt − χTt,γ θ̂(γ)

)2
, n−1Sn

(
θ̂(γ̂), γ̂

)
p−→ σ̄2

ε following the proof of Theorem 1,

and Qn (γ̂) = Qn(v̂, ŵ) is defined in (D.27).

Hence, by continuous mapping theorem, we have

LRn(γ0) =

sup
v,w

Qn(v, w)

σ̄2
ε

+ op(1)
d−→
sup
v,w

Q(v, w)

σ̄2
ε

,

where Q(v, w) is defined in (D.27).

Let v =
λ211
µ21
s1, w =

λ221
µ22
s2, and apply the change of variables, we have

sup
v,w

Q(v, w)

σ̄2
ε

=
λ2

11

σ̄2
εµ1

ξ,

where ξ = 2max {ξ1, ξ2, ξ3, ξ4},

ξ1 = sup
s1>0, s2>0

[
−|s1|

2
+W1(s1) + ψ

(
−|s2|

2
+W2(s2)

)]
,

ξ2 = sup
s1>0, s2≤0

[
−|s1|

2
+W1(s1) + ψ

(
−|s2|

2
+
√
ϕ2W2(s2)

)]
,

ξ3 = sup
s1≤0, s2>0

[
−|s1|

2
+
√
ϕ1W1(s1) + ψ

(
−|s2|

2
+W2(s2)

)]
,

ξ4 = sup
s1≤0, s2≤0

[
−|s1|

2
+
√
ϕ1W1(s1) + ψ

(
−|s2|

2
+
√
ϕ2W2(s2)

)]
.

Note that, for any two iid exponential random variables, X1, X2, with distribution function

P (X1 ≤ x) = 1 − e−
x
a and P (X2 ≤ x) = 1 − e−

x
b respectively, where a and b are two positive

constants, by convolution theorem, the distribution function of Z = X1 + cX2 is P (Z ≤ x) =

1 − a
a−bce

−x
a + bc

a−bce
− x
bc , where c is a positive constant. In particular, if a = b = c = 1, we have

P (Z ≤ x) = 1− e−x − xe−x.

Hence, closely following the proof of Theorem 2 of Hansen (2000) and the proof of Theorem 2

of Kourtellos et al. (2022) and applying the results above, we can show the distribution functions
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of ξ1, ξ2, ξ3, and ξ4 as

P (ξ1 ≤ x) =

(
1− 1

1− ψ
e−x +

ψ

1− ψ
e
− x
ψ

)
,

P (ξ2 ≤ x) =

(
1− 1

1− ϕ2ψ
e−x +

ϕ2ψ

1− ϕ2ψ
e
− x
ϕ2ψ

)
,

P (ξ3 ≤ x) =

(
1− ϕ1

ϕ1 − ψ
e
− x
ϕ1 +

ψ

ϕ1 − ψ
e
− x
ψ

)
,

P (ξ4 ≤ x) =

(
1− ϕ1

ϕ1 − ϕ2ψ
e
− x
ϕ1 +

ϕ2ψ

ϕ1 − ϕ2ψ
e
− x
ϕ2ψ

)
.

Therefore,

P (ξ ≤ x) = P (2max {ξ1, ξ2, ξ3, ξ4} ≤ x) = P (ξ1 ≤
x

2
)P (ξ2 ≤

x

2
)P (ξ3 ≤

x

2
)P (ξ4 ≤

x

2
),

which completes our proof of this theorem.

Proof of Theorem 4: Let ∆v,t =
[
ΦT
Ln

(v̂q1t , v̂q2t)I
(1)
t (v, w),ΦT

Ln
(v̂q1t , v̂q2t)I

(2)
t (v, w),

ΦT
Ln

(v̂q1t , v̂q2t)I
(3)
t (v, w),ΦT

Ln
(v̂q1t , v̂q2t)I

(4)
t (v, w)

]T
, and xv,t =

[
xTt I

(1)
t (v, w), xTt I

(2)
t (v, w), xTt I

(3)
t (v, w),

xTt I
(4)
t (v, w)

]T
. Then, we have

β̂ − β =
[
XT
v (In − Pv)Xv

]−1
XT
v (In − Pv) (y −Xvβ) = An(v, w)−1Bn(v, w)

where Xv is an n × 4k matrix and stacks up xTv,t, Pv is a projection matrix formed by ∆v (an

n× 4Ln matrix stacks up ∆T
v,t), and In is an n× n identity matrix.

Applying the first order Taylor expansion and closely following the proof of Lemma C.1 and

the proof of Theorem 3 in Kourtellos et al. (2022), we can show that, for j = 1, 2, 3, 4, and

v ∈ [v, v], w ∈ [w,w], under Assumption 2 (f),

1

n

n∑
t=1

ΦLn(v̂q1t , v̂q2t)x
T
t I

(j)
t (v, w) =

1

n

n∑
t=1

ΦLn(vq1t , vq2t)x
T
t I

(j)
t (v, w)) +Op(‖ΦLn‖1/

√
n),

1

n

n∑
t=1

ΦLn(v̂q1t , v̂q2t)Φ
T
Ln(v̂q1t , v̂q2t)I

(j)
t (v, w)

=
1

n

n∑
t=1

ΦLn(vq1t , vq2t)Φ
T
Ln(vq1t , vq2t)I

(j)
t (v, w) +Op(‖ΦLn‖21Ln/n),
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and

1

n

n∑
t=1

xtx
T
t I

(j)
t (v, w) = E

[
xtx

T
t I

(j)
t (γ0)

]
[1 +O(a−1

n )] + op(1),

1

n

n∑
t=1

ΦLn(vq1t , vq2t)x
T
t I

(j)
t (v, w) = E

[
ΦLn(vq1t , vq2t)x

T
t I

(j)
t (γ0)

]
[1 +O(a−1

n )] + op(1),

1

n

n∑
t=1

ΦLn(vq1t , vq2t)Φ
T
Ln(vq1t , vq2t)I

(j)
t (v, w)

= E
[
ΦLn(vq1t , vq2t)Φ

T
Ln(vq1t , vq2t)I

(j)
t (v, w)][1 +O(a−1

n )
]

+ op(1).

Hence, we obtain n−1XT
v Xv

p−→
∑

xxT ,γ0
, n−1XT

v ∆v
p−→
∑

xΦTLn ,γ0
, and n−1∆T

v ∆v
p−→
∑

ΦLnΦTLn ,γ0
,

uniformly for all v ∈ [v, v], w ∈ [w,w], where

ΣxxT ,γ0 = diag
{
E
[
xtx

T
t I

(1)
t (γ0)

]
, E
[
xtx

T
t I

(2)
t (γ0)

]
, E
[
xtx

T
t I

(3)
t (γ0)

]
, E
[
xtx

T
t I

(4)
t (γ0)

]}
,

ΣxΦTLn ,γ0
= diag

{
E
[
xtΦ

T
LnI

(1)
t (γ0)

]
, ..., E

[
xtΦ

T
LnI

(4)
t (γ0)

]}
,

ΣΦLnΦTLn ,γ0
= diag

{
E
[
ΦLnΦT

LnI
(1)
t (γ0)

]
, ..., E

[
ΦLnΦT

LnI
(4)
t (γ0)

]}
,

and ΦLn = ΦLn(vq1 , vq2).

Therefore, we have

An(v, w) = n−1
(
XT
v Xv −XT

v PvXv

)
= Jn + op(1), (D.32)

where Jn =
∑

xxT ,γ0
−
∑

xΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∑
ΦLnx

T ,γ0
.

Secondly, we consider Bn(v, w). Note that

Bn(v, w) = n−1XT
v (In − Pv)

 4∑
i=2

(
I(i)(γ0)− I(i)(v, w)

)
xδ(j)

n +
4∑
j=1

I(j)(γ0)hj(vq1 , vq2) + ε

 ,
where I(i)(v, w) is an n× n diagonal matrix with its tth diagonal element being I

(i)
t (v, w).

(i) Similar to the proof of Lemma C.1, applying the first order Taylor expansion, we have, for

all i = 2, 3, 4, ∥∥∥n−1XT
v

(
I(i)(γ0)− I(i)(v, w)

)∥∥∥ = Op(a
−1
n ),∥∥∥n−1∆T

v

(
I(i)(γ0)− I(i)(v, w)

)∥∥∥ = Op(a
−1
n ), (D.33)

uniformly for all v ∈ [v, v], w ∈ [w,w].
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Closely following the proof of Theorem 3 in Kourtellos et al. (2022), we can show that, for all

i = 2, 3, 4, ∥∥∥n−1XT
v Pv

[
I(i)(γ0)− I(i)(v, w)

]∥∥∥ = Op(a
−1/2
n ),∥∥∥n−1∆T

v Pv

[
I(i)(γ0)− I(i)(v, w)

]∥∥∥ = Op(a
−1/2
n ), (D.34)

uniformly for all v ∈ [v, v], w ∈ [w,w].

Hence, we have, for i = 2, 3, 4 and for all v ∈ [v, v], w ∈ [w,w],∥∥∥n−1XT
v (In − Pv)

[
I(i)(γ0)− I(i)(v, w)

]
xδ(i)

n

∥∥∥ = Op(a
−1/2
n n−α) = op(n

−1/2),

where the last equality holds under Assumption 2 (f).

(ii) Note that In − Pv eliminates any linear combination of ΦT
Ln

(v̂q1t , v̂q2t) I
(j)
t (v, w), for j =

1, 2, 3, 4. Hence, (In − Pv)
[∑4

j=1 I
(j)(γ0)hj(vq1 , vq2)

]
= (In − Pv)

[∑4
j=1

(
I(j)(γ0)hj(vq1 , vq2) −

I(j)(v, w)h∗j (v̂q1 , v̂q2)
)]

, where, for j = 1, 2, 3, 4 and t = 1, . . . , n, we can partition

hj(vq1t , vq2t)I
(j)
t (γ0)− h∗j (v̂q1t , v̂q2t)I

(j)
t (v, w)

=
[
hj(vq1t , vq2t)− h∗j (vq1t , vq2t)

]
I

(j)
t (γ0) +

[
h∗j (vq1t , vq2t)− h∗j (v̂q1t , v̂q2t)

]
I

(j)
t (γ0)

− h∗j (v̂q1t , v̂q2t)
[
I

(j)
t (v, w)− I(j)

t (γ0)
]
.

Following (D.3), uniformly for v ∈ [v, v] , w ∈ [w,w], and j = 1, 2, 3, 4, we can show∥∥∥n−1XT
v I

(j)(γ0)
[
hj(vq1 , vq2)− h∗j (vq1 , vq2)

]∥∥∥ = O(L−pn )

∥∥∥∥∥ 1

n

n∑
t=1

x
(j)
v,t(γ0)

∥∥∥∥∥ = Op(L
−p
n ),

∥∥∥n−1∆T
v I

(j)(γ0)
[
hj(vq1, vq2)− h∗j (vq1 , vq2)

]∥∥∥ = O(L−pn )

∥∥∥∥∥ 1

n

n∑
t=1

∆v,tI
(j)(γ0)

∥∥∥∥∥ = Op(L
−p
n ),

Hence, under Assumption 2 (f), we obtain, for j = 1, 2, 3, 4,∥∥∥n−1XT
v (In − Pv) I(j)(γ0)

[
hj(z1πq1 , z2πq2)− h∗j (vq1 , vq2)

]∥∥∥ = op(1).

Note that, for t = 1, ..., n, j = 1, 2, 3, 4 and for all v ∈ [v, v], w ∈ [w,w], we have

n−1
n∑
t=1

xtI
(j)
t (v, w) = E

[
xtI

(j)
t (γ0)

]
+Op(a

−1
n ),

n−1
n∑
t=1

ΦLn(v̂q1t , v̂q2t)I
(j)
t (v, w) = E

[
ΦLn(vq1t , vq2t)I

(j)
t (γ0)

]
+Op

(
a−1
n ‖ΦLn‖1

√
n
)

.
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Hence, we have, for i, j = 1, 2, 3, 4, and for all v ∈ [v, v], w ∈ [w,w],

n−1
n∑
t=1

{
xtI

(i)
t (v, w)

[
h∗j (vq1t , vq2t)− h∗j (v̂q1t , v̂q2t)

]
I

(j)
t (γ0)

}

=


−Γx,j

[
π̂q1 − πq1
π̂q2 − πq2

]
+Op(L

−p
n ), if i = j,

Op

(
a−1
n ‖ΦLn‖1/

√
n+ L−pn

)
, if i 6= j,

n−1
n∑
t=1

{
ΦLn(v̂q1t , v̂q2t)I

(i)
t (v, w)

[
h∗j (vq1t , vq2t)− h∗j (v̂q1t , v̂q2t)

]
I

(j)
t (γ0)

}

=


−ΓΦLn ,j

[
π̂q1 − πq1
π̂q2 − πq2

]
+Op(L

−p
n ), if i = j,

Op

(
a−1
n ‖ΦLn‖1/

√
n+ L−pn

)
, if i 6= j,

where

Γx,j = E

[
xtI

(j)
t (γ0)Dhj(vq1t , vq2t)

[
zT1t
zT2t

]]
,

ΓΦLn ,j
= E

[
ΦLn(vq1t , vq2t)I

(j)
t (γ0)Dhj(vq1t , vq2t)

[
zT1t
zT2t

]]
.

To sum up, under Assumption 2 (f), we have

4∑
j=1

{
n−1XT

v (In − Pv)I(j)(γ0)
[
h∗j (vq1 , vq2)− h∗j (v̂q1 , v̂q2)

]}
= −Bn

[
π̂q1 − πq1
π̂q2 − πq2

]
+ op(n

−1/2), (D.35)

where Bn =
∑4

j=1Bn,j , and Bn,j = Γx,j −
∑

xΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

ΓΦLn ,j
.

(iii) By (D.8) and (D.34), we have, for j = 1, 2, 3, 4,∥∥∥n−1XT
v (In − Pv)

[
I(j)(v, w)− I(j)(γ0)

]
h∗j (v̂q1 , v̂q2)

∥∥∥ = Op

(
a−1/2
n L−pn + a−1/2

n ‖ΦLn‖1/
√
n
)
.

Therefore, taking (i)-(iii) together, we have

Bn(v, w) = −Bn
[
π̂q − πq

]
+ n−1XT

v (In − Pv) ε+ op(n
−1/2) (D.36)
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= −Bn
[
π̂q − πq

]
+ n−1

[
XT

0 −
∑

xΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∆T
0

]
ε+ op(n

−1/2),

where π̂q − πq =

[
π̂q1 − πq1
π̂q2 − πq2

]
.

Hence, following the proof of Theorem 3 in Kourtellos et al. (2022) and applying Wooldridge

and White’s central limit theorem for strong mixing process (White (2001), Th.5.2, p.130), we

obtain [
n−1/2ZTq Vq

n−1/2(XT
0 −

∑
xΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∆T
0 )ε

]
d−→ N

(
0,

[
Ωqq Ωqε

ΩT
qε Ωεε,

])
(D.37)

where Zq stacks up [q1t, q2t] and Vq stacks up [vq1t , vq2t ] for t = 1, .., n, Ωqq = limn→∞ V ar(n
−1/2ZTq Vq),

Ωqε =
[
limn→∞

∑n
t=2

∑t−1
s=1E

(
z1tζ

T
s vq1tεt

)
, limn→∞

∑n
t=2

∑t−1
s=1E

(
z2tζ

T
s vq2tεt

)]
= O(1) under As-

sumption 1, ζs is the sth column elements of
(
XT

0 −
∑

xΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∆T
0

)
,

and Ωεε =
∑

εxxT ,γ0
−
∑

xΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∑
εΦLnx

T ,γ0
−
∑

εxΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∑
ΦLnx

T ,γ0

+
∑

xΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∑
εΦLnΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∑
ΦLnx

T ,γ0
.

Applying the continuous mapping theorem, this completes the proof of this Theorem.

Proof of Theorem 5: With the re-defined χt, we can rewrite the model as

yt =
4∑
j=1

χTt θjI
(j)
t (γ0

1 , γ
0
2) + ε̃t,

where

ε̃t =
4∑
j=1

[
zTxt (πx − π̂x)T βj + hj(vq1t , vq2t)− h∗j (v̂q1t , v̂q2t)

]
I

(j)
t (γ0

1 , γ
0
2) + εt,

and εt is defined in (3.2). Therefore, the objective function is the same as (D.1) with newly defined

χ and ε̃.

Note that πx − π̂x = Op(n
−1/2). Hence, similar the proof of Theorem 1, under Assumption 3

(c) and 4 (c), we have

max
γ∈θγ

Sn(γ1, γ2) = εT ε+ op(1).

Next, by the triangular inequality, we have

Sn2(γ1, γ2) =
4∑
j=1

|n−1ε̃T I(j)(γ0
1 , γ

0
2)χθj | ≤

4∑
j=1

|n−1
n∑
t=1

χTj,t,γθj
[
hj(vq1t , vq2t)− h∗j (v̂q1t , v̂q2t)

]
|

+
4∑
j=1

|n−1
n∑
t=1

χTj,t,γθjz
T
xt (πx − π̂x)T βj |+

4∑
j=1

|n−1
n∑
t=1

χTj,t,γθjεt|, (D.38)
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where χj,t,γ defines in section 3.1.

Note that, χTj,t,γθj = βTj π̂xzxtI
(j)
t (γ1, γ2) + h∗j (v̂q1t , v̂q2t) = βTj πxzxtI

(j)
t (γ1, γ2) + hj(vq1t , vq2t) +

Op(n
−1/2+L−pn +‖ΦLn‖1

√
n). Hence, for all γ ∈ Θγ , under Assumptions 3 and 4, following the proof

of Theorem 1, we can show (i)
∑4

j=1 |n−1εTχθj | = Op(n
−1/2); (ii)

∑4
j=1 |n−1

∑n
t=1 χ

T
j,t,γθjz

T
x (πx −

π̂x)Tβj | = Op(n
−1/2(1+L−pn +‖ΦLn‖1/

√
n)) = Op(n

−1/2); (iii)
∑4

j=1 |n−1
∑n

t=1 χ
T
j,t,γθj

[
hj(vq1t , vq2t)−

h∗j (v̂q1t , v̂q2t)
]
| = Op(L

−p
n + ‖ΦLn‖1/

√
n). As a result, we have Sn2(γ1, γ2) = Op(n

−1/2 + L−pn +

‖ΦLn‖1/
√
n) = op(1).

Next, for j = 1, 2, 3, 4 and all γγ1 ∈ Θ1, γγ2 ∈ Θ2, under Assumption 3 (c) and Assumption 4,

we have∥∥∥∥∥n−1
n∑
t=1

χj,t,γ ε̃t

∥∥∥∥∥ =

∥∥∥∥∥n−1
n∑
t=1

πxzxtε̃t

∥∥∥∥∥+

∥∥∥∥∥n−1
n∑
t=1

ΦLn(v̂q1t , v̂q2t)ε̃

∥∥∥∥∥+Op

(
n−1/2(L−pn + ‖ΦLn‖1/

√
n+ n−1/2)

)
= Op

(
L−pn + ‖ΦLn‖1/

√
n+

√
Ln/n

)
= op(1).

Then, closely following the proof of Theorem 1, we can show n−1Sn1(γ1, γ2) = S1(γ1, γ2)+op(1),

where S1(γ1, γ2) is the same as the proof of Theorem 1 with newly defined Mj(γ1, γ2) in Lemma

C.3. Hence, following the proof of Theorem 1, we obtain γ̂
p−→ γ0.

Next, by the triangular inequality, for all γ ∈ Θγ , we have

∥∥n−1χγ(y − χγθ)
∥∥ ≤

∥∥∥∥∥∥
4∑
j=1

n−1
n∑
t=1

χt,γz
T
xt (πx − π̂)T βj

∥∥∥∥∥∥
+

∥∥∥∥∥∥
4∑
j=1

n−1
n∑
t=1

χt,γz
T
xt (πx − π̂)T δjnI

(j)
t (γ1, γ2)

∥∥∥∥∥∥
+

∥∥∥∥∥∥
4∑
j=1

n−1
n∑
t=1

χt,γz
T
xtπ

T
x δ

(j)
n

[
I

(j)
t (γ0

1 , γ
0
2)− I(j)

t (γ1, γ2)
]∥∥∥∥∥∥

+

∥∥∥∥∥∥
4∑
j=2

n−1
n∑
t=1

χt,γ

[
η(j)
n (vq1t , vq2t)I

(j)
t (γ0

1 , γ
0
2)− η∗(j)n (v̂q1t , v̂q2t)I

(j)
t (γ̂1, γ̂2)

]∥∥∥∥∥∥
+

∥∥∥∥∥n−1
n∑
t=1

χt,γεt

∥∥∥∥∥ ,
where

∥∥∥∑4
j=1 n

−1
∑n

t=1 χt,γz
T
xt(πx − π̂)Tβj

∥∥∥ = Op(n
−1/2) and

∥∥∥∑4
j=1 n

−1
∑n

t=1 χt,γz
T
xt(πx − π̂)T δjnI

(j)
t (γ1, γ2)

∥∥∥
= Op(n

−1/2−α).

Then following the proof of Theorem 1, which completes the proof of this Theorem.
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Proof of Theorem 6: In the matrix form, we have

y − χγ θ̂(γ) = zxπ
T
x β1 +

4∑
j=2

z(j)
x,γ0π

T
x δ

(j)
n + h1(vq1 , vq2) +

4∑
j=2

η(j)
n,γ0(vq1 , vq2) + ε

− zxπ̂Tx β̂1 −
4∑
j=2

z(j)
x,γ0 π̂

T
x δ̂

(j)

n − h∗1(v̂q1 , v̂q2)−
4∑
j=2

η∗(j)n,γ0(v̂q1 , v̂q2)

= ε+ ∆n −
4∑
j=2

∆z(j)
x,γπ

T
x δ̂n −

4∑
j=2

∆η∗(j)n,γ (v̂q1 , v̂q2) + op(1),

where, for j = 2, 3, 4, ∆z
(j)
x,γ = z

(j)
x,γ − z(j)

x,γ0 , ∆η
∗(j)
n,γ0(v̂q1 , v̂q2) = η

∗(j)
n,γ (v̂q1 , v̂q2) − η∗(j)n,γ0(v̂q1 , v̂q2), ∆n =

zxπ
T
x (β1− β̂1)+zx(πx− π̂x)T β̂1 +

∑4
j=2 z

(j)
x,γ0π

T
x (δ

(j)
n − δ̂

(j)

n )+
∑4

j=2 z
(j)
x,γ0(πx− π̂x)T δ̂

(j)

n +h1(vq1 , vq2)−
h∗1(v̂q1 , v̂q2) +

∑4
j=2

[
η

(j)
n,γ0(vq1 , vq2)−η∗(j)n,γ0(v̂q1 , v̂q2)

]
, and the typical element of z

(j)
x,γ is zTt I

(j)
t (γ1, γ2).

Therefore, we can show

Sn(γ)− Sn(γ0)

=

 4∑
j=2

(
∆z(j)

x,γπ
T
x δ̂n + ∆η∗

(j)

n,γ (v̂q1 , v̂q2)
)T  4∑

j=2

(
∆z(j)

x,γπ
T
x δ̂n + ∆η∗

(j)

n,γ (v̂q1 , v̂q2)
)

− 2 (ε+ ∆n)T

 4∑
j=2

∆z(j)
x,γπ

T
x δ̂n +

4∑
j=2

∆η∗
(j)

n,γ (v̂q1 , v̂q2)

+ op(1)

=
n∑
t=1

{
[κn,2 − κn,4]T χ′tχ

′
t
T [κn,2 − κn,4] I(γ0

1 ≤ q1t < γ1, q2t > γ2) + κTn,2χ
′
tχ
′
t
Tκn,2I(q1t ≤ γ0

1 , γ
0
2 ≤ q2t < γ2)

+ κTn,3χ
′
tχ
′
t
Tκn,3I(γ0

1 ≤ q1t < γ1, q2t ≤ γ2) + [κn,3 − κn,4]T χ′tχ
′
t
T [κn,3 − κn,4] I(q1t > γ0

1 , γ
0
2 ≤ q2t < γ2)

}
− 2

4∑
j=2

κ̂n,j

[
n∑
t=1

εtχ
′
t

(
I

(j)
t (γ1, γ2)− I(j)

t (γ0
1 , γ

0
2)
)]

− 2

4∑
j=2

κ̂Tn,j

[
n∑
t=1

∆′ntχ
′
t

(
I

(j)
t (γ1, γ2)− I(j)

t (γ0
1 , γ

0
2)
)]

+

n∑
t=1

{
[(κ̂n,2 − κ̂n,4)− (κn,2 − κn,4)]T χ′tχ

′
t
T [(κ̂n,2 − κ̂n,4) + (κn,2 − κn,4)] I(γ0

1 ≤ q1t < γ1, q2t > γ2)

+ [κ̂n,2 − κn,2]T χ′tχ
′
t
T [κ̂n,2 + κn,2] I(q1t ≤ γ0

1 , γ
0
2 ≤ q2t < γ2)

+ [κ̂n,3 − κn,3]T χ′tχ
′
t
T [κ̂n,3 + κn,3] I(γ0

1 ≤ q1t < γ1,2t≤ γ2)

+ [(κ̂n,3 − κ̂n,4)− (κn,3 − κn,4)]T χ′tχ
′
t
T [(κ̂n,3 − κ̂n,4) + (κn,3 − κn,4)] I(q1t > γ0

1 , γ
0
2 ≤ q2t < γ2)

}
+ op(1)

= S∗n,1(γ)− 2S∗n,2(γ)− 2S∗n,3(γ) + S∗n,4(γ) + op(1),

37



where χ′t =
[
zTt π

T
x ,ΦLn(v̂q1t , v̂q2t)

]T
, and ∆′nt = (β1−β̂1)Tπxzxt+

∑4
j=2(δ

(j)
n −δ̂

(j)

n )TπxzxtI
(j)
t (γ0

1 , γ
0
2)+

h1(vq1t , vq2t)− h∗1(v̂q1t , v̂q2t) + n−%
∑4

j=2

[
η

(j)
0 (vq1t , vq2t)− η

∗(j)
0 (v̂q1t , v̂q2t)

]
I

(j)
t (γ0

1 , γ
0
2).

Note that, for j = 1, 2, 3, 4, S∗n,j(γ) are defined the same as (D.19) with newly defined χt and

χ
′
t.

Denote

D(i,j) =

E [πxzxtzTxtπTx |q = γ0

]
I(α ≤ %) E

[
πxzxtη

(i)
0 |q = γ0

]
I(α = %)

E
[
η

(j)
0 zTxtπ

T
x |q = γ0

]
I(α = %) E

[
η

(i)
0 η

(j)
0 |q = γ0

]
I(α ≥ %)

 , (D.39)

and

V
(j)
i =

E [πxzxtzTxtπTx ε2
it|q = γ0

]
I(α ≤ %) E

[
πxzxtη

(j)
0 ε2

it|q = γ0

]
I(α = %)

E
[
η

(j)
0 zTxtπ

T
x ε

2
it|q = γ0

]
I(α = %) E

[
(η

(j)
0 )2ε2

it|q = γ0

]
I(α ≥ %)

 . (D.40)

Then, closely following the proof of Theorem 2 with the newly defined Di,j and V
(j)
i completes

the proof of this Theorem.

Proof of Theorem 7: The notation is defined the same as in the proof of Theorem 4 unless de-

fined differently. Denote xv,t = [zTxtπ̂
T
x I

(1)
t (v, w), zTx π̂

T
x I

(2)
t (v, w), zTxtπ̂

T
x I

(3)
t (v, w), zTxtπ̂

T
x I

(4)
t (v, w)]T .

Hence, applying Lemma C.3, Lemma C.4, and following the proof of Theorem 4, we have n−1XT
v Xv

p−→∑
πxzxzTx π

T
x ,γ0

, n−1XT
v ∆v

p−→
∑

πxzxΦTLn ,γ0
, and n−1∆T

v ∆v
p−→
∑

ΦLnΦTLn ,γ0
uniformly for all v ∈

[v, v], w ∈ [w,w], where∑
πxzxzTx π

T
x ,γ0

= diag
(
E
(
πxzxz

T
x π

T
x I

(1)
t (γ0)

)
, ..., E

(
πxzxz

T
x π

T
x I

(4)
t (γ0)

))
,∑

πxzxΦTLn ,γ0
= diag

(
E
(
πxzxΦT

Ln
I

(1)
t (γ0)

)
, ..., E

(
πxzxΦT

Ln
I

(4)
t (γ0)

))
.

Therefore, we have

An(v, w) = n−1
(
XT
v Xv −XT

v PvXv

)
= Jn + op(1), (D.41)

where Jn =
∑

πxzxzTx π
T
x ,γ0
−
∑

πxzxΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∑
ΦLnz

T
x π

T
x ,γ0

.

Secondly, we consider Bn(v, w) = XT
v (In − Pv)(y −Xvβ), where yt − xTv,tβ = βT1 (πx − π̂x)zxt +∑4

j=2 δ
(j)T
n (πx− π̂)zxtI

(j)
t (γ0)+

∑4
j=2 δ

(j)T
n πxzxt

[
I

(j)
t (γ0−I(j)

t (v, w))
]
+
∑4

j=1 hj(vq1t, vq2t)I
(j)
t (γ0)+

εt + op(1).

By πx − π̂x = Op(n
−1/2), closely following the proof of Theorem 4, we have

n−1XT
v (In − Pv)

zx (πx − π̂x)T β1 +
4∑
2

I(j)
γ0 zx (πx − π̂x)T δ(j)

n +

4∑
j=2

(
I(j)(γ0)− I(j)(v, w)

)
zxπ

T
x δ

(j)
n


= Op

(
a−1/2
n n−α

)
= op(n

−1/2).
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Similarly, we can show

4∑
j=1

{
n−1XT

v (In − Pv)I(j)(γ0)
[
h∗j (vq1 , vq2)− h∗j (v̂q1 , v̂q2)

]}
= −Bn

[
π̂q1 − πq1
π̂q2 − πq2

]
+ op(n

−1/2), (D.42)

where Bn =
∑4

j=1Bn,j , Bn,j = Γπxzx,j −
∑

πxzxΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

ΓΦLn ,j
, and for j = 1, 2, 3, 4,

Γπxzx,j = E

[
πxztI

(j)
t (γ0)Dhj(vq1t, vq2t)

[
zT1t
zT2t

]]
.

This follows

Bn(v, w) = −Bn
[
π̂q − πq

]
+ n−1XT

v (In − Pv) ε+ op(n
−1/2) (D.43)

= −Bn
[
π̂q − πq

]
+ n−1

[
XT

0 −
∑

πxzxΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∆T
0

]
ε+ op(n

−1/2),

where π̂q − πq =

[
π̂q1 − πq1
π̂q2 − πq2

]
.

Hence, applying the central limit theorem, we have[
n−1/2ZTq Vq

n−1/2(XT
0 −

∑
πxzxΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∆T
0 )ε

]
d−→ N

(
0,

[
Ωqq Ωqε

ΩT
qε Ωεε,

])
(D.44)

where Zq stacks up [q1t, q2t] and Vq stacks up [vq1t , vq2t ] for t = 1, .., n, Ωqq = limn→∞ V ar(n
−1/2ZTq Vq),

Ωqε = [limn→∞
∑n

t=2

∑t−1
s=1E(z1tζ

T
s vq1tεt), limn→∞

∑n
t=2

∑t−1
s=1E(z2tζ

T
s vq2tεt)] = O(1) under As-

sumption 1, ζs is the sth column elements of (XT
0 −

∑
πxzxΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∆T
0 ),

and Ωεε =
∑

επxzxzTx π
T
x ,γ0
−
∑

πxzxΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∑
εΦLnz

T
x π

T
x ,γ0
−
∑

επxzxΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∑
ΦLnz

T
x π

T
x ,γ0

+
∑

πxzxΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∑
εΦLnΦTLn ,γ0

∑−1
ΦLnΦTLn ,γ0

∑
ΦLnz

T
x π

T
x ,γ0

.

This completes the proof of this Theorem.
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